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ABSTRACT

JOHN W. DENNIS, III: Bootstrapping Max Tests in the Presence of Weak Identification.
(Under the direction of Jonathan B. Hill)

Traditional inference can be distorted in the presence of weakly identified parameters. I explore
the effects of weak identification on inference in two different scenarios that have been previously
unaddressed. First, I consider the effect of weak identification on a test for serial correlation,
where I demonstrate that the distortion arising from weakly identified parameters propagates to
test statistics that are not directly testing the parameter values. I show that existing tests can be
extended to accommodate known sources of identification failure via a modification of the first
order expansion utilized by the bootstrap. Second, I examine inference on a large dimensional
parameter when some of the parameter elements may be weakly identified. Existing tests cannot
simultaneously accommodate identification failure and a parameter vector with large dimension.
In both scenarios, I provide testing procedures that accommodate weak identification, are based on
a maximum value, and are implemented with a bootstrap. The efficacy of these testing procedures

are explored in several Monte-Carlo simulations, and empirically relevant examples are discussed.
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CHAPTER 1

INTRODUCTION AND RELATIONSHIP WITH THE LITERATURE

I describe the use of max tests in the presence of weak identification. This collection informs
the reader of some issues that can arise in common inferential analyses in Economics due to the
presence of weak identification in the parameters and presents solutions to these problems within
the framework of a convenient testing procedure. I consider two practical inferential problems,
and for each I discuss how the presence of weak identification can lead to distorted inference and
present a method to conduct inference in an appropriate manner.

The two classes of inferential problems I consider are white noise tests and tests on a large
dimensional parameter. White noise tests fall within the class of model diagnostic tests; they are
designed to aid the practitioner in determining if a particular model is able to capture all of the
serial correlation present in the data. In this sense, they can be thought of as one of a group of
tests that examines the adequacy of the model in describing the data. In the first paper, I present a
white noise test that is appropriate for residuals from estimated models and is robust to parameter
identification failure in the model.

The second class of tests has become a focus in the literature in recent years due to the vast
quantities of data that have become available to researchers. In particular, researchers often have
many variables in a dataset leading to many objects that must be estimated and tested. In the second
paper, I present a test for many zero restrictions in a model with a large dimensional parameter
when many of the parameter elements may be only weakly identified.

The frameworks presented in both of the problems I consider utilize a bootstrapping proce-
dure to simulate the distribution of a maximum test statistic in the presence of weakly identified
parameters. Here I discuss these topics and the relationship to the econometric literature broadly.

I discuss these topics in more detail as they pertain to each of the two classes of problems that I
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consider in the relevant chapters below.

Identification failure is present in both problems that I consider, but here I must be specific
regarding the meaning of identification failure. Lewbel (ming) indicates the term identification
failure appears in more than two dozen forms in the literature, but all share a common underlying
meaning. In particular, an object is not identified if its true value cannot be uniquely determined in
the population. I specifically use utilize the definition of Andrews and Cheng (2012a) to describe
identification failure as the situation in which there is a known parametric source of identification
failure for a parameter in the model under consideration. The framework of Andrews and Cheng
(2012a) is convenient for the econometrician in describing parametric identification failure, as it
allows a range of identification behaviors to exist between identification and non-identification.

Consider estimating scalar parameters (3, 7) from the nonlinear function Y; = Sg(X;, 7) + &
for some smooth non-linear function g. It is well known that when 3 # 0, 7 can be (strongly)
identified, and when 3 = 0, 7 cannot be identified. In order to develop a unifying testing frame-
work, we utilize a thought experiment which can be characterized by using the notion of drifting
sequences of true parameters. Let 3 = [3,, be a sequence of true parameters, indexed by the sample
size n, that are drifting to 0. Then the strength of identification of 7 is categorized by the speed
at which 8, — 0. When /nf3,, — oo, we characterize 7 as being semi-strongly identified, and
when \/nfB, — b € (0,00), we say 7 is weakly identified. In the latter case, our estimator 7, is
not consistent for the true 7y, and converges instead to a random variable under certain conditions.
Table 1 from Andrews and Cheng (2012a) details these categories. It is important to note that in
this literature, the parametric source of identification failure is known. More recently, Han and
McCloskey (2016) develop theory for the case in which the source of identification failure may be
unknown. We focus on the former case and leave this extension for future research.

For the cases of non-identification and weak identification, the estimators for 7 are inconsistent.
Further, in these cases the estimator for [ is consistent; however, it is a function of 7,, which
converges to a random variable, resulting in a non-standard distribution for Bn This implies that
the resulting test statistics will exhibit non-standard behavior, yielding distorted inference from

classical tests: In this case; the asymptotic distribution of the test statistics will be nonstandard.
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Table 1.1: Identification Categories: Andrews and Cheng’s (2012a) Table I

Category {f3,} Sequence Identification Property of 7
I(a) G,=0Vn>1 Unidentified

I(b) B, # 0and n'/?B, — b € R% Weakly identified

II B, — 0and n'/2||3,|| — oo Semi-strongly identified

11 Bn — Bo # 0 Strongly identified

This poses problems for tests based on residuals from model estimation. Non-standard behavior
of the estimators propagates through to the test statistic, yielding a non-standard distribution for
the test statistic and resulting in potentially distorted inference from traditional tests.

Further, this is an issue for economic practitioners, as many commonly used models in Eco-
nomics include parameters that may be unidentified in certain parts of the parameter space. Exam-
ples such as Dynamic Stochastic General Equilibrium models (Guerron-Quintana, Inoue, and Kil-
ian, 2013; Andrews and Mikusheva, 2015), Smooth Transition AutoRegressive models (Terasvirta,
1994; Terdsvirta, 1998; van Dijk, Terdsvirta, and Franses, 2002; Andrews and Cheng, 2013), Pro-
bit models (Andrews and Cheng, 2012a, 2014) and Nonlinear Binary Choice Models (Andrews
and Cheng, 2013), nonlinear instrumental variables models with possibly weak instruments (An-
drews and Cheng, 2012a, 2014), ARMA models Andrews and Ploberger (1996); Andrews and
Cheng (2012a); Dennis (2019), Regime Switching Models (Chen, Fan, and Liu, 2016) and Fuzzy
Regression Discontinuity Designs (Feir, Lemieux, and Marmer, 2016), models based on moment
conditions and GMM (Andrews and Cheng, 2014), and MiDAS Regressions (Ghysels, Hill, and
Motegi, 2016b) have been shown to include model components that may not be identified in certain
regions of the parameter space.

Missing from the analysis of Andrews and Cheng (2012a) is the ability to account for models
with mixed identification strength, referring to models which may simultaneously include parame-
ters from each from each of the identification categories (Cheng, 2015). Consider the simple model

Y, = B1g(Xe, m) + B2g(Xy, m2) + £, where ¢, is independent of X, and with the null hypothesis
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Hy : 8 = 0. Under this null hypothesis, the 7; are unidentified nuisance parameters, so this frame-
work is related to the literature on testing with nuisance parameters under the null (Davies, 1977,
1987; Andrews and Ploberger, 1994; Hansen, 1996; Stinchcombe and White, 1998; Ghysels and
Guay, 2004; Andrews and Mikusheva, 2016). Nuisance parameters cause the test statistics to have
non-standard distributions, which often do not have analytic expressions and must be simulated.

In this framework, however, each parameter 7; may exhibit its own degree of identification
strength, so a uniformly valid test becomes necessary. Andrews and Cheng (2012a, 2013, 2014)
discuss uniformly valid inference but do not allow for mixed identification strength. Cheng (2015)
offers the first uniformly valid inference procedure for inference on sub-vectors of /3 allowing for
mixed identification strength but limits her theory to additive nonlinear models.

Andrews and Cheng (2012a, 2013, 2014) and Cheng (2015) discuss inference under weak iden-
tification but do not consider large dimensional parameters or max test statistics, implementation
of a bootstrap, or tests on objects from estimated models, such as white noise tests, that are not
tests directly on the model parameters. In contrast, in the first paper, we consider white noise tests
based on the maximum of a sequence of correlations that we implement with a bootstrap, and in
the second paper, we construct a test based on the maximum of a sequence of estimated parameters
from a high dimensional parameter.

The testing procedures that I consider in both classes of problems are based on max tests.
When testing the maximum value in a sequence, we are often interested in determining if any
of the parameter elements are different from zero. In considering only the maximum from the
sequence of values, the max test statistic utilizes the most informative measure available from
our data, eliminating issues that arise from low degrees of freedom and inversion of large or near
singular covariance matrices when a large number of variables needs to be tested (Hill and Dennis,
2018; Ghysels, Hill, and Motegi, 2016a), or by combining noisy estimates, which occurs when
calculating serial correlations at long lags (Hill and Motegi, 2018).

Statistics based on a maximum of a sequence of values is an extensively studied topic in the
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literature'! dating at least to Fisher and Tippet (1928) and Gnedenko (1943). See also Gumbel
(1958) and Berman (1964). Typically in this literature, extreme value theory arguments appeal
to the Extremal Types Theorem to determine the exact asymptotic distribution of the maximum
statistic (de Haan, 1976). For example, Xiao and Wu (2014) provide a test for serial correlation
for observed sequences using the maximum sample autocovariance and show that under suitable
normalization, the test statistic converges in distribution to a Gumbel (type I extreme value) dis-
tribution. These arguments require that when the data are divided into blocks, the dependence
between increasingly distant blocks decays at a sufficient rate as with a mixing condition.

Hill and Motegi (2018); Hill and Dennis (2018) argue that when estimating parsimonious mod-
els, allowing for general dependence in the data generating process, or residuals to be used in the
max statistic, the classical extreme value theory arguments are no longer straight forward to prove
and may require more stringent assumptions than are needed by other methods. Further, extreme
value theoretic arguments for establishing the limiting distribution of the maximum of a sequence
of values often relies on Gaussianity of the underlying sequence. Hill and Motegi (2018); Hill
and Dennis (2018) develop theory that does not rely on Gaussianity and that allows the use of the
dependent wild bootstrap (Shao, 2010, 2011a) to mimic the finite sample distribution of the max
statistic.

For these reasons, I simulate the distribution of the test statistics with forms of a Wild, or
Gaussian multiplier, bootstrap (Wu, 1986; Liu, 1988). Methods for bootstrapping high dimensional
statistics have not been available until recently. Chernozhukov, Chetverikov, and Kato (2013,
2017) develop a theory that is able to both bypass the typical extreme value theoretic asymptotic
arguments and deliver an impressive growth rate for the sequence being examined.? However, they
require independence, and their theory is only appropriate for observed random variables and relies
on Gaussian approximation that is not appropriate for approximations of non-Gaussian normalized

summands. Zhang and Cheng (2018) extend the Gaussian approximation theory in Chernozhukov

ISee Leadbetter, Lindgren, and Rootzen (1983) and Resnick (1987) for textbook treatments.

2See also Belloni, Chernozhukov, Chetverikov, Hansen, and Kato (2018).
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et al. (2013, 2017) to allow for dependence, but only allow for observed random variables. Zhang
and Wu (2017) develop theory for a Gaussian approximation for high dimensional times series but
only allow for observed sequences as well. The theory in Hill and Dennis (2018); Hill and Motegi
(2018) is also able to bypass extreme value theoretic arguments, allows for dependence under the
null, and is appropriate for residuals. For this reason, we rely on the theory developed in Hill and
Motegi (2018); Hill and Dennis (2018).

This collection is organized as follows. Chapter 2 presents the test for serial correlation in
models with weakly identified parameters. Chapter 3 presents the test for a large dimensional
parameter when the parameter elements may exhibit mixed identification strength. Proofs of the

results are collected in Appendices A and B.
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CHAPTER 2

TESTING WHITE NOISE WHEN SOME PARAMETERS MAY BE WEAKLY IDENTIFIED

2.1 Introduction

We develop a bootstrapped white noise test for residuals that is based on the maximum cor-
relation and is robust to parameter identification failure in the model. It is well known that the
asymptotic and finite sample distributions of estimators are non-standard when the model contains
parameters that are weakly identified, and that standard inference based on t or ? distributions can
be distorted. For example, Andrews and Cheng (2012a) demonstrate in their figures 1 and 2 that
densities of the estimators from an ARMA(1,1) model can be quite different from normal when the
AR and MA parameters are close to the same value. Further, Cheng (2015) shows in her table 1
that using standard normal critical values for tests on a parameter from an additive nonlinear model
with a weakly identified parameter can generate large size distortions.

The impact of identification failure on the distributions of the estimators for a model can prop-
agate beyond tests on the parameter values. When the test statistic is based on an estimated model,
the usual method to either prove the asymptotic distribution of the test statistic or to implement a
finite sample correction via a bootstrap is to utilize a first order expansion of the test statistic that
involves the distribution of the parameter estimators. This enables inference on the test statistic to
properly account for the impact of model estimation.

Traditional methods assume that the distribution of the estimators is normal, an assumption
that is not true when some of the parameters are weakly identified. In particular, we show that the
distribution of our white noise max test statistic differs under weak and strong identification, and
we demonstrate that ignoring the effect of weakly identified parameters can lead to size distortions.
We provide a robust procedure that allows a correctly sized, consistent test for the null hypothesis

of uncorrelated errors when the strength of identification in the estimated model is not known.
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In particular, this is an issue for economic practitioners engaging in model diagnostic activi-
ties, as many commonly used models in Economics include parameters that may be unidentified in
certain parts of the parameter space. Examples such as Smooth Transition AutoRegressive models
(Terasvirta, 1994; van Dijk et al., 2002; Andrews and Cheng, 2013), Probit models (Andrews and
Cheng, 2012a, 2014) and Nonlinear Binary Choice Models (Andrews and Cheng, 2013), nonlinear
instrumental variables models with possibly weak instruments (Andrews and Cheng, 2012a, 2014),
ARMA models (Andrews and Ploberger, 1996; Andrews and Cheng, 2012a), Regime Switch-
ing Models (Chen et al., 2016) and Fuzzy Regression Discontinuity Designs (Feir et al., 2016),
Dynamic Stochastic General Equilibrium models (Guerron-Quintana et al., 2013; Andrews and
Mikusheva, 2015), models based on moment conditions and GMM (Andrews and Cheng, 2014),
and MiDAS Regressions (Ghysels et al., 2016b) have been shown to include model components
that may not be identified in certain regions of the parameter space. The models above are often
used under the assumption of a white noise error term. The current paper focuses on testing if the
error term is a white noise process while allowing for some model parameters to be unidentified in
parts of the support of the parameter space. The test presented in this paper, then, can be viewed as
a test of model adequacy for models such as those mentioned above, which may have identification
failure in regions of the parameter space.

There are three key components that characterize this test. First, this test is a white noise corre-
lation test for residuals that only requires uncorrelatedness under the null. Allowing for residuals
requires that we account for the influence of the estimated parameters on our test statistic. In par-
ticular, we allow for models in which some parameters may be non- or weakly identified in the
sense of Andrews and Cheng (2012a), leading to inconsistent estimators. Utilizing a first order
expansion of our test statistic about the point of identification failure allows us to account for the
influence of the estimated parameters without the need for a consistent estimator for the parameters
that are not identified.

Second, the test statistic is formed using the maximum from an increasing sequence of sample

correlations. Using the maximum correlation allows for a sharper statistic in the sense that, unlike
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a traditional portmanteau test which utilizes the sum of all squared sample correlations, the max-
imum statistic only focuses on the most informative sample correlation and, therefore, mitigates
both the issue of washing out a single non-zero correlation in an average when testing for potential
correlations at many lags and issues stemming from noisy sample correlation estimates that can
occur at long lags. Further, max statistics are convenient for high dimensional objects, as they do
not require inversion of a large covariance matrix.

Traditional arguments for statistics of a maximum value rely on proving asymptotic conver-
gence via the extremal types theorem (de Haan, 1976), but these arguments are typically for ob-
served sequences, and bootstraps are not typically considered for finite sample improvement. Xiao
and Wu (2014) discuss a similar maximum statistic and prove that under suitable normalizing con-
stants their test statistic converges to a type I extreme value distribution; however, they do not allow
for residuals, an important distinction that affects the extreme value theory asymptotic argument,
and they do not prove the validity of their bootstrap. Further, the extreme value theory approach re-
quires restrictions to ensure convergence that are not necessary under our bootstrapping approach.
We bypass standard extreme value theory arguments by use of theory in Hill and Dennis (2018)
and Hill and Motegi (2018) paired with the dependent wild bootstrap of Shao (2010, 2011a).

Finally, our test is robust against identification failure of the model parameters. In order to
account for the influence parameter estimation on our test statistic, we incorporate a first order
expansion that involves the distribution of the parameter estimators. Whether or not our model
has weakly identified parameters affects the terms in the expansion of the test statistic, which
correspondingly affects the limiting distributions and the objects that must be bootstrapped. This
suggests that traditional model diagnostics on estimated models with weakly identified parame-
ters may lead to tests with size distortions, as we demonstrate in our simulations. We show that
modifying the first order expansion utilized by the bootstrap to account for the dependence of the
test statistic upon the estimated parameters can mitigate this distortion. Namely, when a consis-
tent estimator is not available, we perform our expansion about the point of identification failure.

In practice, we do not know whether consistent estimators are available or not for our potentially
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unidentified parameters. We construct our identification robust test by bootstrapping the test statis-
tic under both scenarios and stitching the resulting critical values together with an identification
pre-test as discussed in Andrews and Cheng (2012a).

Throughout the paper, we assume a general model for the residuals from a regression model,
which we denote (), where 0 are the parameters of the model. For clarity, we elaborate the
details for our test with an ARMA model (e.g. Y; = 5Y;_1 + ¢, — me;_1) and an additive nonlinear
model, an example of which is the Smooth Transition Autoregressive model of Terasvirta (1994):
Y, = Xy x g(Zy, ) + (X; + €, where X typically contains lags of Y}, g is a smooth, nonlinear
function! and ¢, is the model error, which we estimate with the regression residuals 5t(én). Our

goal is to test if {¢;} is a white noise process:

Hy:p(h) =0Vh € N vs. Hy:p(h)#0 forsomeh € N

where p(h) = E(ei1-1)/E(ee:). To test this hypothesis, we specifically consider the sample max

correlation statistic (Hill and Motegi, 2018)

A

T = \/ﬁlg?én 1pn(h)],

where {£,} is a sequence of integers with £,, — oo as n — oo, £, = o(n) allowing for a true
white noise test.> We utilize the dependent wild bootstrap (Shao, 2010, 2011a) paired with an
expansion of our test statistic to account for the dependence upon the estimated parameters. This
allows our test to be appropriate for residuals as in Hill and Motegi (2018); however, the test in
Hill and Motegi (2018) requires consistency of all parameter estimators and, thus, cannot accom-
modate models in which some parameters are weakly identified. Our test is designed specifically

to accommodate such models.

!common examples are the logistic and exponential functions g(z,7) = (1 —exp{—m1(z—m2)}) ! and g(z, ) =

1 — exp{—m1(z — ma)?} for m; > 0. See e.g. van Dijk et al. (2002).

2L, = o(n) is necessary to provide Fischer consistency of the the sample correlation.
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Our white noise test, however, is robust to parameter identification failure. Consider estimating
scalar parameters (/3,7) from the nonlinear model Y; = Byg(Z;, my) + &; for some non-linear
function g. It is well-known that 7y can be (strongly) identified when 3, # 0, and when 3y = 0,
mo cannot be identified. In order to accommodate non-identification, we adopt the identification
unifying framework of Andrews and Cheng (2012a). This framework is characterized by the notion
of drifting sequences of true parameters. Let 5 = [, be a sequence of true parameters that are
drifting to 0, the point of identification failure for this example. Andrews and Cheng (2012a)
categorize the strength of identification of my by the speed at which 5, — 0. If 5, — 0 slowly
enough, then one can still consistently estimate 7, and we say that 7 is semi-strongly identified.
However, if 3, — 0 too quickly, then one cannot consistently estimate 7, and we say that 7y is
weakly identified. Table 1 from Andrews and Cheng (2012a) details the rates associated with these
categories. It is important to note that in this literature the source of identification failure is known;
that is, our model tells us specifically that § = 0 results in identification failure. More recently,
Han and McCloskey (2016) develop theory for the case in which the source of identification failure
is unknown. We focus on the former case and leave this extension for future research.

Note that the estimator for 3 is consistent, regardless of the identification strength of 7. How-
ever, the estimator for /3 is a function of the estimator for 7, Bn = Bn(frn), and 7, converges
to a random variable when 7 is not consistently estimable, yielding a non-standard distribution
for (,.3 This poses problems for tests based on residuals from model estimation. Non-standard
behavior of the estimators propagates through to the test statistic, yielding a non-standard distri-
bution for the test statistic and resulting in potentially distorted inference from traditional tests.
The limiting distribution of our test statistic can be categorized by whether 7 is consistently es-
timable or not, so we group weak identification and non-identification together and refer to them
as weak identification, and we collectively refer to strong and semi-strong identification as strong
identification.

This paper is related to but different from the literature on hypothesis testing with a nuisance

3See e.g. figure 2 in Andrews and Cheng (2012a).
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parameter. Davies (1977, 1987) provide early references for hypothesis tests with nuisance pa-
rameters under the null. See also Hansen (1996), Stinchcombe and White (1998), Ghysels and
Guay (2004), and more recently Andrews and Mikusheva (2016). Andrews and Ploberger (1994)
discuss optimal tests with a nuisance parameter under the null. Andrews and Ploberger (1996)
develop a test for white noise against an ARMA(1,1) alternative since these models provide a par-
simonious representation of a broad class of stationary time series. As noted by Nankervis and
Savin (2010), Poterba and Summers (1988) show that many financial return series can be repre-
sented by ARMA(1,1) models. In their model, the ARMA(1,1) reduces to a white noise process
under the null, making the MA coefficient a nuisance parameter.

Andrews and Cheng (2012a, 2013, 2014) and Cheng (2015) discuss inference under weak
identification but do not consider max test statistics, implementation of a bootstrap, or tests on
objects from estimated models, such as white noise tests, that are not tests directly on the model
parameters. In contrast, we consider white noise tests based on the maximum of a sequence of
correlations that we implement with a bootstrap.

White noise tests have a long history, dating in some form to at least Box and Pierce (1970) and
Ljung and Box (1978). In addition to portmanteau tests, spectral tests (Hong, 1996; Shao, 2011a)
are also widely considered in the literature. Many early tests for serial correlation are based on
i.i.d. Gaussian assumptions and required a finite maximum lag length cutoff. We are specifically
interested in true white noise tests, which are able to accommodate asymptotically infinitely many
lags, as questions such as the efficient market hypothesis are related to true white noise tests (Hill
and Motegi, 2019).

Further, and perhaps more importantly, serial uncorrelatedness is equivalent to independence
under Gaussian assumptions, but it does not imply serial independence in general. Many questions
in economics and finance such as financial predictability are related to a martingale difference se-
quence hypothesis, which itself implies serial uncorrelatedness but not serial independence. For
example, a GARCH(1,1) process is a martingale difference sequence and is uncorrelated but seri-
ally dependent. Romano and Thombs (1996) showed that the traditional Box-Pierce statistic can be

misleading under uncorrelated dependent errors. Francq, Roy, and Zakoian (2005) similarly show
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that the asymptotic distribution of the correlation coefficients of residuals from ARMA processes
do not follow the standard chi-square distribution when the errors are uncorrelated but dependent,
and using chi-square critical values in this situation leads to distorted inference.

Often, the martingale difference sequence errors are modeled using GARCH processes, and
standardized residuals are used to construct the sample serial correlation even though these tests do
not have standard asymptotic distributions. Chen (2008) provides tests for autocorrelation specif-
ically for models with GARCH based errors, but these tests assume that the model is correctly
specified. Francq et al. (2005) and Nankervis and Savin (2010, 2012) develop tests that do not
rely on a correctly specified model for the conditional variance. Further, Nankervis and Savin
(2010, 2012) note that the assumption of martingale difference errors may be too restrictive. As
a result, recent interest has focused on uncorrelated dependent time series (Nankervis and Savin,
2010, 2012; Shao, 2011a,b; Zhu and Li, 2015; Zhang, 2016; Hill and Motegi, 2018).

Our test is based on the maximum sample serial correlation, and when testing the maximum
value in a sequence, we are most often interested in determining if any of the parameter elements
are different from zero. In considering only the maximum from the sequence of values, the max
test statistic utilizes the most informative measure available from our data, eliminating issues that
arise from low degrees of freedom and inversion of large or near singular covariance matrices when
a large number of variables needs to be tested (Hill and Dennis, 2018; Ghysels et al., 2016a), or
by combining noisy estimates, which occurs when calculating serial correlations at long lags (Hill
and Motegi, 2018).

Statistics based on a maximum of a sequence of values is an extensively studied topic in the
literature* dating at least to Fisher and Tippet (1928) and Gnedenko (1943). See also Gumbel
(1958) and Berman (1964). Typically in this literature, extreme value theory arguments appeal
to the Extremal Types Theorem to determine the exact asymptotic distribution of the maximum
statistic (de Haan, 1976). For example, Xiao and Wu (2014) provide a test for serial correlation

for observed sequences using the maximum sample autocovariance and show that under suitable

4See Leadbetter et al. (1983) and Resnick (1987) for textbook treatments.
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normalization, the test statistic converges in distribution to a Gumbel (type I extreme value) dis-
tribution. These arguments require that when the data are divided into blocks, the dependence
between increasingly distant blocks decays at a sufficient rate as with a mixing condition.

Hill and Motegi (2018) and Hill and Dennis (2018) argue that when allowing for general de-
pendence in the data generating process and residuals to be used in the max statistic, the classical
extreme value theory arguments are no longer straight forward to prove and may require more
stringent assumptions than are needed by other methods. Further, extreme value theoretic argu-
ments for establishing the limiting distribution of the maximum of a sequence of values often
relies on Gaussianity of the underlying sequence. Hill and Motegi (2018) and Hill and Dennis
(2018) develop theory that does not rely on Gaussianity and that allows the use of the dependent
wild bootstrap (Shao, 2010, 2011a) to mimic the finite sample distribution of the max statistic.

The bootstrapped white noise test in Hill and Motegi (2018) is based on the maximum se-
rial correlation and allows for a weaker moment contraction property than that in Xiao and Wu
(2014) and side-steps asymptotic extremal value theory arguments by exploiting convergence of
{V/n(#(h) —~(h)) : 1 < h < L} to a Gaussian process for each £ € N paired with arguments
dating to Ramsey (1929). This method requires weaker conditions than the extreme value theo-
retic approach but results in the trade-off that an upper bound on the sequence £,, — oo cannot be
provided.’ Further, Hill and Motegi (2018) ignore the possibility of nuisance parameters and only
allow for strong identification of all parameters in the model estimation step.

Methods for bootstrapping high dimensional statistics have not been available until recently.
Chernozhukov et al. (2013, 2017) develop a theory that is able to both bypass the typical extreme
value theoretic asymptotic arguments and deliver an impressive growth rate for the sequence being
examined. However, they require independence, and their theory is only appropriate for observed

random variables and relies on Gaussian approximation that is not appropriate for approximations

SHill and Motegi (2018) address the issue of optimal lag selection with a data driven procedure, modified from the
method of Escanciano and Lobato (2009). This procedure could be applied to the testing framework presented here;
however, this is beyond the scope of this paper, as we seek to illustrate the effect of weak identification on the test.
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of non-Gaussian normalized summands.® Zhang and Cheng (2018) extend the Gaussian approx-
imation theory in Chernozhukov et al. (2013, 2017) to allow for dependence, but only allow for
observed random variables. Zhang and Wu (2017) develop theory for a Gaussian approximation
for high dimensional times series but only allow for observed sequences as well. The theory in
Hill and Dennis (2018) and Hill and Motegi (2018) is also able to bypass extreme value theoretic
arguments, allows for dependence under the null, and is appropriate for residuals. For this reason,
we rely on the theory developed in Hill and Motegi (2018) and Hill and Dennis (2018).

For model estimation, we adopt the notation of Andrews and Cheng (2012a). Section 2.2
discusses the preliminary notation and assumptions needed to fit within their framework. Section
2.3 presents the main assumptions and results, and we present the bootstrap and prove its validity in
section 2.4. Section 2.5 presents the Monte-Carlo simulations. All proofs and supporting lemmas
are collected in the appendix.

2.2 Preliminary Notation and Assumptions

The true parameter is v = (6, ¢) with compact true parameter space

D= {y=(0,6):0€0"6ed0)

where 0 = (5,(,m) = (¢, 7), ¥ = (5,(), and we assume 1) is always identified and ¢ does not
effect the identification of 7, and ¢ is an additional parameter such that v = (6, ¢) completely
determines the distribution of the data. For some v € I, expectation under the true distribution of
{(Ys, Xy, )} = {W; : t <n}isdenoted E.,.

Since the estimator 7, for 7, is inconsistent, we make use of the following concentrated crite-

rion function Q¢ () and estimator 1, (7). Define ¢,,(7) € ¥ (r) for a given 7 € II by

~

Qn(wn<7r)7 7T> = inf Qn(d}a 7T) + Op<n71)

Ye¥(rm)

6See also Belloni et al. (2018).
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and define 7,, € Il by
Qn(Tn) = Qn(ﬁn(ﬁn)a n) = ;rellf[ Qn(ﬁn(ﬂ)a ™) + Op(n_l)-

Observe (U (), ) = 0, = infgee Qn(6) + 0p(n ).

We adopt the notation of Andrews and Cheng (2012a) in order to define cases that differentiate
weak and (semi-)strong identification. The theory relies on the following drifting sequences of true
parameters. Define the set of true drifting sequences as I'g = {{7v, € ':n > 1} : 7, - v €T},

and define the drifting cases:
(@) T'(70,0,0) = {{m} €To: Bo =0, n'/?B, = b e (RU{£oc})¥}
(11) F(’Y()a OO,(U()) = {{’Yn} € F0 : nl/zﬁn — 00, Bn/“ﬁn“ — Wo, ||w0|| = 1}

In our model, the identification of 7 is based on whether or not the parameter 5 = 0. In terms of
these drifting sequences, 7 is not identified asymptotically when the limiting parameter 3, = 0.
Further, in the case that S, = 0, the speed at which 3, — (5, = 0 affects the asymptotic analysis.
In particular, when 3,, — 0 fast enough, given by case (i) with ||b|| < oo, we say the parameter 7,
is weakly identified. In this case, the estimator 7, is not consistent. Case two gives the definitions
of semi-strong identification, when 3, = 0 and strong identification, when 3, # 0.

In the (semi-)strong identification cases 7, is consistent, and we employ first order expansions
around the true parameter 6,,. However, since 7, is not consistent under weak identification, an
expansion around 6,, = (v, m,) is not appropriate. Inspired by the expansion of the criterion
function about the point of non-identification in Andrews and Cheng (2012a), we expand our test
statistic about the point of non-identification in the weak identification case in order to deal with
the inconsistency of 7,,. Recall the point of non-identification is fy = 0. Define v ,, = (0, (,,) and
Qo,n = Qn(wo,m 77)'

Define

€ gionblem = (G K (7, 70)8) H () (G7) + K (7, m0)D)

16
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where G is a mean zero Gaussian process, H is a Hessian, and K arises as a bias correction.
Assume (79, b) = argmin &(7; o, b).
mell

More specifically, under {v,} € I'(7,0,b) with ||b|| < oo, the mean zero Gaussian process

{G(m; 7o) : m € 11} is defined as the limit of the process {G,(7;70) : ™ € I} defined by

Gn(%,m 7T) = n1/2 { %Qn (wO,na 7T) - E’Yn %Qn(w&m W)}

=n 2 Z (mw(Wt, Yo, ™) = Eyym® (Wi, o, W))

t=1

where %Qn(Q) =n~t>"  m¥(W,,0). H(m; ) is the nonstochastic symmetric d, X dy, matrix
valued function, continuous on IT that is the uniform (in 7) limit of H,, (¢, m;70) = % B%,Qn(z/z, ).
Finally, K,,(6;7) =n" 'Y, %E%mw(Wt, 0).

Assumption 1 (Weak Identification Objects). Under {7,} € I'(7o,0,b) with ||b]| < oo,

(i) Gn() = G(;%), where G(-;70) is a mean zero Gaussian process indexed by © € 11 with
bounded continuous sample paths and a.s. p.d. covariance kernel

Q(m, 75 70) = B[G(m;70)G (75 %0)' ] for m, 7 € 1L

(i) SUp,en || Hn (Yo, 7) — H(m;%)|| 2 0 for some nonstochastic symmetric dy, x dy matrix-
valued function H(m;vy) on 11 x T that is continuous on 11 for all vy € T and

Amin(H(7570)) > 0 and \pin(H(7570)) < oo VYV € 1l for all 7 € T with By = 0.

(iii) K,(0;7) exists for all (6,7) € ©s5 x I'y, Y¥n > 1 and for some nonstochastic d,, X dg
matrix-valued function K (1o, ;) that is continuous on 11 for all vy € T with 5y = 0,
Ko (U, ™) = K (1o, m370) uniformly over m € 11 for all nonstochastic sequences {1, }

and {7, } such that 3, — ~o and 1, — b = (0, ().

(iv) each sample path of the stochastic process {£(m;70,b) : m € 11} is some set A(vo,b) with
P, (A(7,b)) = 1 is minimized over 11 at a unique point, denoted 7*(yy,b) Vo € I' with
Bo = 0 and for all b with ||b < oc.
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These assumptions are Assumptions C3, C4, and C5 Andrews and Cheng (2012a) which we
borrow in order to retain generality. The objects GG, H,,, and K, are the objects that appear in our

test statistic.

Example 1 (STAR(1) Model). Consider the model ¢,(0) = vy, — Paig(z, m) — Exy with true

parameter 0,, so that £4(0,,) = €, We estimate the model with least squares, so we have Q,,(0) =

LS 1 €i(0)2 Define dy(m) = %Et(w,ﬁ) = —[x9(2, ), x¢]'. Then

Zdw 7)dy o (7

K 7T70 _——Zdwt xtg Zt,Wo)

and

n

Guo(m) = == 3 {eudalm) = B, [eudis()]
1 n

VLS fglemdas(m) — B farge a7}

n
t=1

n

= <=3 {eudalm) = By sl + oyn (1)

Then E(g|z;) = 0 a.s. and E(e?|x;) = o* € (0,00) a.s. under Hy implies the covariance
kernel for G(r) is E[e?dy(m)dy(7)'] = 0?H(m, 7). Further, this implies that H='/?(7)G(7) ~
N(0, 0®) with covariance kernel o> H~'/? (1) H (7, 7)H~'/?(r).

Example 2 (ARMA(1,1) Model). Consider the model y; = (5, + m,)y1—1 + & — Tner—1. This

model is estimated by maximum likelihood, the limits are described by the following quantities.

‘ 2
1< C;l( - ijf'fl) G 2t Do T Ytk
Hn(ﬂ):—z Z] 0 t—j tZkO t

(e ¢y > heo ™y —(1/2)G 2+ GPy?
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with limit

(1—72)~t 0

0 (265)~"

H(m;v) =

K, (0;70) is complicated (see Andrews and Cheng (2012b), section C) and has limit K (7;y) =

—(1 = mom)~!
0
G () = V2 DG > T Yk B —E G e >l ™ Yk
=1\ —(1/2)¢.* (7 — Ga) —EB,,(1/2)¢ (v — Ga)
has the limit
L TZ
G(mi70) = 2402
(1/2)¢ (B (eF — C)))'?Z
where Z,Zy, 2y, ... are independent standard normal random variables. The covariance kernel
(1—mr)~! 0
of G(m;70) is
0 (1/4)C *Eng (€7 — Go)?

Finally, define the Gaussian process

(w570, 0) = —H 1 (m;70) (G (73 70) + K (m570)b) — (b, 0).

We require additional objects for the case in which 7y is (semi-)strongly identified.

Let B(3) = fa,

Odedw ||ﬂ|| ' Idw

Od,, xdx

Assumption 2 (Strong Identification Objects). Under {~,} € T'(~o, 00, wp),

(i) G%(0,) = n1/2B_1(ﬁn)%Qn(9n) N G%(v0) ~ N(0,V(y0)) for some symmetric dg X dg
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(ii) Jo(0,) = B~ (8) 2 25Qu(0,) B (By) s (o), where J (o) is a dg x dy nonsingular and

symmetric matrix.

The previous assumption is Assumptions D2 and D3 from Andrews and Cheng (2012a), which
detail the objects that appear in our expansions under the semi-strong and strong identification
cases. The scaling matrix B(3,,) is needed in order to eliminate singularity of the second derivative
matrix when 3, — 0.

We further assume that 2.Q,,(0) = n=1 Y. | m?(W,, §), which also implies that m? (W, §) =

96 <
S¢m9(Wt, 6) for the dy, x dy selection matrix S,, that selects the first 1) elements from the dy x 1
vector m? () = m?(W,, 0).
2.3 Assumptions and Main Results
2.3.1 Assumptions
Recall that 5t(én) is our model for the regression error (e.g. et(én) =Y, — BnXt X g( Xy, ) —

an + in the nonlinear regression model), so under a correctly specified model with true parameter

0., we have g, = £4(60,,).

Assumption 3 (A). If 5 = 0, then £.(0) does not depend on 7 forall = (5,(,7) = (0,(,7) € ©

for any true parameter v* € I'. Moreover, Q,,(0) only depends on 7 through ().

Remark 1. Assumption 3 is similar to and indeed related to Assumption A in Andrews and Cheng
(2012a). This restricts our attention to models in which the source of identification failure is
known. Han and McCloskey (2016) extend the framework of Andrews and Cheng (2012a) to allow
for cases in which the source of identification failure is not known; however, we do not allow for

unknown sources of identification failure in our present white noise residual test.

Our primary concern is in testing if {¢;} is a white noise process:

Hy:p(h)=0Vh eN VSs. Hy : p(h) # 0 for some h € N
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Our test statistic is the sample max correlation statistic

where p,(h) = E(e&,_1)/E(g?) and L, is a sequence of integers with £, — oo as n — oo and
L,, = o(n) to allow for a true white noise test.

We begin with assumptions on the estimator 6, that are standard results under weak iden-
tification (see e.g. Andrews and Cheng (2012a)). This allows us to maintain a great deal
of generality with respect to the model that we are investigating. Define 7,(m;70,b) =

—H,  (7;70) (Gn(m57%) + Kou(m;790)b) — (b,0), and recall that

n

Gn(wo,m 7T) = n71/2 Z (m:f}<w0,n7 7T) - Ewnm;p(%,n, 77))

t=1

and
GO6) = n 2B (5 S (6.
=1

Assumption 4 (m). (i) Under {v,} € I'(7,0,b) with ||b]| < co, m{ (1) = my(Yon, ) is sta-
tionary, ergodic, L, >-bounded for some p > 4, and Lo-NED with size —1/2 on an o-mixing

base {v;} with coefficients o, = O(h™P/P==4) for tiny 1 > 0 for every m € IL

(ii) Under {v,} € T'(vo,00,wp), m{ = my(0,) is mean zero, stationary, ergodic, L, o-bounded
for some p > 4, and Ly-NED with size —1/2 on an a-mixing base {v;} with coefficients

o = O(h=P/®=9=1) for tiny + > 0.
(iii) my(0) is two times continuously differentiable and E[supyee ||(2)mq(0)]|?] < oo for j =
0,1,2.

Remark 2. Assumption 4 is a sufficient condition for Assumption 1(a) and 2(a). Smoothness
(iii) ensures a stochastic equicontinuity property for a functional central limit theorem (see e.g.

Andrews (1994)).
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Assumption 5 (Weak Id Estimator Limit). Under {v,} € I'(70,0,b) with ||b|| < oo,
(i) SUPrer |[da(m) = ull % 0
(i) SuPrery [[nY2 (W0 (1) = Vo) + Hy (o, ™) d= S0y my (o, )| 2 0
Assumption 6 (Strong Id Estimator Limit). Under {~,} € T'(vq, 00, wp),
(i) 16— 6al] = 0
(i) 02 B(Ba) (0 — 00) = =T (yo)n™ 2B (Ba) 21y m (6) + 0p(1)
Following Hill and Motegi (2018), our test applies to near-epoch-dependent random variables.

Assumption 7 (W). (i) {x;,y,} are stationary, ergodic, and Lo, s-bounded for some 6 > 0.

Denote by F; the o-field generated by {x, y, }.

(ii) e has E(e;) = 0, is stationary, ergodic, L,-bounded for some p > 4, and L4-NED with size

—1/2 on an a-mixing base {v,} with coefficients o, = O(h™/P=2=4) for tiny v > 0.

In order to establish the limiting distribution of our test statistic, we require some additional

assumptions on the function ,(#).

Assumption 8 (R0). (i) &,(0) is Fy-measurable for each 0 and three times continuously differ-

entiable a.s. on an open convex set containing ©*.

(ii) Under {v,} € I'(7,0,b) with ||b]| < oo, E[sup,cp SUDyenr,, \(%)jgt(w,w)]ﬂ < oo for

J =0,1,2,3 and a compact set Ny, containing 1.

(iii) Under {7} € T'(70,00,w0), E[supgen;, |(55)€:(0)|"] < oo for j =0,1,2,3 and a compact

set Ny, containing 0.

The following two assumptions are technical conditions that are necessary to establish uniform
LLNs for the derivatives that appear in the mean value expansion of the covariance under weak
and strong identification, respectively. We require more conditions under weak identification due
to the inconsistency of the estimator 7,,. In particular, the expansion in the weak identification case
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is about 1) ,, rather than the true parameter 6,,, leading to the need to add and subtract €,&;_}, in the

proof, hence the need for Assumption 9(v) which ensures the associated bias term is bounded.
Assumption 9 (Rw). Under {7,} € T'(7,0,b) with ||b]| < oo,

(i) the non-stochastic ~ function D, (h,m) = D, (h, Yo, T) =

E%[%(gt(z/},w)st_h(zb,ﬂ))] e exists and is differentiable a.s. on an open, convex

set I containing the true parameter space I1*.

(i1) subsen |1 (4 i e, mern(@,m))| = Dalhytion ™)l = O,(1)

¢:w0,n

(iii) The non-stochastic function D, (h,v,7) = E., is continuous

fw I <5t(¢7 m)er—n(¢, 7r)>

at ., and is differentiable a.s. on an open, convex set ©, containing the true parameter

space ©F,

(iv) SUP ey SUPyew () H%Z"(h’ b, |
= b et 5D o |3 (£ Sy o 6, men (1) = Dulhs o, ) ) ] = Op(1).

(v) E,, [&(wo,mﬂ)ft—h(wom, 7T) - 5t5t—h] = 0(1/\/5)
Assumption 10 (Rs). Under {7,,} € I'(70, 00, wo),

(i) the non-stochastic function D (h) = D (h,0,) = E,, [ 2 (e (6)€t,h(9))]‘ exists.

=0n

(ii) The non-stochastic function D% (h,0) = E., [%% (st(e)et_h(e))] is continuous at 0,, and

is differentiable a.s. on an open, convex set ©¢ containing the true parameter space ©*.

(i) subgee || 520, O)l| = subgee |5 (£ Sirsn & o) n(0)] = Dalh, 00) )| = O,(1)

Remark 3. Assumption 9(i) implies that £,(1, w)e,_p (1, ) is stationary and ergodic, and As-
sumptions 9(i) and (ii) imply %[Q(@/}, m)er—n (1, )| is stationary and ergodic since the derivative
is a measurable transformation. Assumption 9(iv) is a technical condition that is necessary in or-
der to establish stochastic equicontinuity for a uniform law of large numbers (e.g. Newey (1991)).

Considering the least squares case with h = 0 would indicate that 8%,% le¢(2), )?] is the Hessian
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of the objective function, so the assumption does not appear to be very restrictive. In many example
applications, these conditions hold as a result of the conditions needed to establish the asymptotic

results for the estimators (e.g. Assumption 5).

Remark 4. Assumption 9(v) must be verified for the chosen model £,(0). It is often easy to verify
in specific models. Further, recall that €,(1,, ™) does not depend on T under Assumption 3;
however, €;(1g ,, ™) does depend on the true parameter ,. Thus, we only require the quantity to
be O(1/+/n) and do not require uniformity over I1. For example, consider the two example models

(a) STAR(1) and (b) ARMA(I,1).

Example 3 (Scalar Non-linear Regression Model). The Scalar Non-linear Regression Model
is (0) = y — Brg(xy,m) — Exy. Then £4(0,) = yp — Guwrg(xy, mn) — &y = €4 and
et(Won, ™) = Yyt — Ente = Pparg(xe, ™) + €. To verify Assumption 9(v), use \/nf, — b, sta-
tionarity, ergodicity, moment bound assumptions and the construction of the model to see that

under Ho, /i | E., (£4(¢0., T)et—n(Von, 7)) — E(gig-n) | = b1 Ele2g(zy, m0)] + 0,(1).

Example 4 (ARMA(1,1)). The ARMA(1,1) model, y; = (5 + 7)y;—1 + €4 — Te4—_1, can be written

e(0) =y — B @y j. Then ei(Br,mn) = yp — B D, Tty = ey and €,(0,7,) = yp =
=1 —1

=

o0
By > mi L y,; + &4 To verify Assumption 9(vi), we can show that under H,
j=1

h
V| B, (e:(Vom, T)er—n(Vom, T)) — E(Etft—h)] =b ; T By [Ye—jei—n] + op(1).

J
2.3.2  Main Results

Due to the inconsistency of 7,, under weak identification, we must consider the two cases (7)
{7} € T'(7,0,b) with |[b|| < oo, which we colloquially refer to as weak identification, and
(i7) {7} € (0, 00,wp), which we refer to as strong identification, in the analysis of our test
statistic. We operate on a first order expansion of our test statistic that differs depending on the
identification case, so we refer to the approximations /() and !’ (h, 7), defined under strong and
weak identification respectively:

o e — Eleie ] — D(h) T (vo)m!
= L)
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et(Yom> T)etn(Yon, ®) — Eleser_n] — D(h, w) H=' (15 70)my (1o n, )

1/]7” h —
7at ( 77T) E[&‘%]

Define under strong and weak identification, respectively, z?(h) = r?(h) — p(h)r?(0) and
2" (hym) = 1" (hym) = p(h)r™ (0, ).

Define Zz(h) \f Zt 1+h “t (h) and Zd)(h 7T) \f Et 1+h % (h 7T)

Assumption 11. Let £, K € N, and let A = [\;)5_, € R* and a € RE. Then

(i) Take {my,..., 7k} € II®K. Under {v,} € T'(0,0,b) with ||b]| < oo,

liminf inf inf infE[(ii)\hak?ﬂ’ h m))Q] >0,

n—oo MA=la’a=1mn€ll
h=1 k=1
and
(ii) under {~,} € T(70,00,wp), liminf, s infrxazy E[(Xr_, MZ2(h))?] > 0.

Remark 5. Non-degenerate asymptotic variance in a standard assumption in the literature. See

e.g. Hill and Motegi (2018).
The following Lemma provides the approximations that are used to bootstrap the test statistic.

Lemma 2.3.1. Let Assumptions 3 - 11 hold. For some non-unique sequence of positive integers

{L,} with L,, — o0 and L,, = o(n),

(a) under {v,} € I'(70,0,b) with ||b]| < oo,

max sup(v/n|pn(h;7) — p(h)|) — max sup(|Z}(h,m)|)

1<h<Ln eIl 1<h<Ln rell

< max sup(|v/n(pa(h; m) = p(h)) = 23 (h,m)[) = 0.

1<h<Ln eIl
(b) under {~,} € I'(70, 00, wp),

i) — max (|Z;(h)])] < max (Vn(pu(h)=p(h))=Z;(h)]) = 0.

1<h<Ly, 1<h<L,

2
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The limiting distribution of the test statistic under strong identification is established in a
similar fashion to Hill and Motegi (2018); however, illuminating the limiting distribution under
weak identification require that we decompose rf’ "(h,m) by adding and subtracting ¢,;_j, and
D(h, 7Y H ™" (m;70) E-, [m! (1.0, 7)), and then performing a mean value expansion on

E.,,[mY (0., 7)] about yo.,.7 This yields the following quantities:

,rﬂ/),”(h 71') _ Et€t—h — E[gtf‘:t—h] . D(hv ﬂ-)/Hil(ﬂ—; 70) (mf(qﬁo,m 7T) - E’Yn [mzp(¢0,n7 W)])

Elef] Elef]
i €t(¢0,n, 7T)5t7h(¢0,n,7T) — &t&t—h
Elet]
D(h, m) B (7530) (B 3 B [ (0,0, 7))
- Elef]

- rtl’w’”(h, ) + rf’w’"(h, )

_ D(h,w) H 1 (m; ¥ o) —Exy, v ,nsT
where rtlﬂﬁ,n(h’ ﬂ-) — EtetfhE[i%[fi?t&tfh] i (h,m) ( 70)<mt (Ew[(;%] )= Enn [my (%o, H)
et(Yo,n,m)es—n(Yo,n,m)—Et€s—n D(h’w),Hil(m’YO)(ﬁnf%E;’" [mz’(¢o,n,7r)])
Ele?] E[ef] )

Next, define z""(h,7) = ri""(h,m) — p(h)ri*™(0,7) for i = 1,2, and observe that

and r2"(h, 1) =

2"(hy ) = 2" (h, ) 4 22Y"(h, 7). Finally, define Z%(h, ) = \/iﬁ S n 2 (hy ) for
i = 1,2. We show in Lemma A.1.2 that Z}¥(h, 7r) converges weakly to a Gaussian process and
Z2¥(h, ) converges uniformly in probability to a mean component. This leads to the following

theorem stating the limit of the test statistic under H,.
Theorem 2.3.2. Let Hy and Assumptions 3, 7, and 8 hold.

(a) Let {v,} € I'(y0,0,b) with ||b|| < oo, and additionally let Assumptions 1, 4(i), 5, 9, and
11(i) hold. Let {ZY(h,7) : h € N,m € I} be a Gaussian process with finite mean

lim /nE,, (17" (h, 7)) < oo and variance lim Y By i (h, V" (h, )] < o0

n—oo n—oo

and covariance kernel lim 3", E. [r}¥"(h, ) " (h, 7). Then for some non-unique
n—o0 ?

’See Andrews and Cheng (2012a,b), especially Lemma 9.1.
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sequence of positive integers {L,,} with L,, — oo and L,, = o(n),

£ and

sup | masx (Vi () = (1)) = max (1= D (o)

1<h 1<h<Ll
mell | 1< =h=tn t=1+h

1 n
max |- S r(hd)| — max |zw<h,7r*<b,%))y‘ LN}

1<h<Ln 1<h<Ln
t=1+h

(b) Let {~,} € (v, 00,wy), and additionally let Assumptions 2, 4(ii), 6, 10, and 11(ii) hold. Let

{Z°(h) : h € N} be a zero mean Gaussian process with variance lim = %" E[r?(h)r{(h)]
n—o0 ’
< oo and covariance kernel nh_)rrolo Ly B[l (h)r] (h)]. Then for some non-unique sequence

of positive integers { L, } with L,, — oo and L,, = o(n),

oo and

s (Vi) = (b)) = max (<= 3 ()

t=1+h

n

1 6 6
nax |ﬁt;hn (h)] = max |Z°(h)

2.

The limiting distribution of the test statistic under true {~,} € I'(vo, 00, wp) is the maximum
of a Gaussian process. However, the limiting distribution of the test statistic under true {7, } €
I'(70,0,b) with |[b|]| < oo is the maximum of a Gaussian process on II evaluated at 7*(~, b).
Further, the bias term nh_>n010 VnE., (ri?™(h,n)) is present under weak identification, whereas the
limiting distribution under strong identification has mean zero. This mandates a different method
for implementing the bootstrap under each identification scenario, as we describe in Section 2.4.1.

The limiting processes differ under weak and strong identification due to the inconsistency of
7, and the nonstandard limiting process of @/A)n under the case in which 7 is weakly identified. In
particular, when 7, is weakly identified, we must expand around v ,, the subvector of the true
parameter #,, with 3,, evaluated at the point of non-identification of 7.

The finding that the limiting distribution of the white noise test statistic differs depending upon
whether or not a consistent estimator is available for the potentially unidentified parameters gives

us reason to believe that standard testing procedures may yield distorted inference. In particular,
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it is well known that the distributions of the parameter estimators differ depending upon the iden-
tification strength of potentially unidentifiable parameters in the model, and standard inference on
the parameters based on t or x? distributions can be distorted when the model contains parameters
that are weakly identified. Andrews and Cheng (2012a) demonstrate that densities of the estima-
tors from an ARMA(1,1) model can be quite far from normal when the AR and MA parameters
are close to the same value, and Cheng (2015) shows that using standard normal critical values
for tests on a parameter from an additive nonlinear model with a weakly identified parameter can
generate large size distortions. As shown in our Theorem 2.3.2, the impact of identification failure
on the distributions of the estimators for a model can be noticed beyond tests on the parameter
values. Our ARMA(1,1) model simulations indicate that that this difference can manifest itself in
an empirically relevant way, leading to size distortions in white noise tests that ignore the effect of
potential identification failure in the model.

2.3.3 Critical Values

Manufacturing a test that is robust to identification failure requires that we account for the
possibility that our test statistic falls within the limiting distributions given by either identification
regime. To this end, our bootstrapping procedure provides critical values under both situations.
We then construct an identification robust critical value for our test statistic by stitching together
the critical values found under each identification scenario using methods detailed in Andrews and
Cheng (2012a).

We employ two types of robust critical values: least favorable (LF) and identification-category
selection (ICS) critical values. The LF critical values always take the larger of the critical values
found under each identification category, whereas the ICS critical values employ a data driven first
step to determine if b = nh—>Igo \/nf, is finite or infinite.

Least Favorable Critical Values

(w

Let i) be the critical value under {7,} € T'(7,0,b) with [|b|| < oo, and let cg‘i)a be
(LF)

-«

the critical value under {~,} € I'(y0,00,wp). The least favorable critical value is c

(LF)
11—« *

max{cﬁ)a, cgs_)a}. We reject the null hypothesis when 7}, > ¢
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Data Dependent Critical Values

The least favorable critical values can be improved by use of an identification-category-
selection procedure outlined in Andrews and Cheng (2012a). The ICS procedure uses the avail-
able data to determine if b is finite, and hence whether {v,} € I'(7,0,b) with ||b|]| < oo or
{7} € T'(79,00,wp). The LF critical value is used if the selection procedure suggests that b is
finite, and the critical value under ||b|| = oo is used otherwise. The statistic used for category

selection is

where Y55, is the upper left ds x dg block of 3, = J-'V,,J!, the estimator of the covariance
matrix 2, (70) = J 7 (70)V (70) 7~ ().

Let {k, : n > 1} be a sequence of constants that diverge to infinity as n — co. We compare the
statistic A, to this sequence of tuning parameters in order to determine the identification category.
Since A,, = O,(1) under {~,,} € I'(7,0,b) with ||b|| < oo, this procedure consistently selects

this category when x,, — oc.
Assumption 12. x,, — oo and K, /n'/? — 0.

Assumption 12 is Assumption K in Andrews and Cheng (2012a).

(LF)
(csy €1-a

l-a —
&

if A, <k,
The ICS critical value is ¢

o if A, > k,.
Asymptotic Size
Let I, be the distribution function of W, under some v € I'*, for the true parameter space 1'*,

and let P, denote probability under F,. For any critical value, ¢;_ ,, the asymptotic size of the

test is the maximum rejection probability over ['* such that the null hypothesis is true:

AsySz = limsup sup Py (T, > ci—an| Ho).

n—oo ~yel™*
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Assumption 13. If cﬁa’n is (i) LF or (ii) ICS, then assume that Andrews and Cheng’s (2012a)

Assumption (i) LF or (ii) K and V3 hold, respectively.

Theorem 2.3.3. Under Assumptions 12 and 13 and H,, the LF and ICS critical values cg')

—a,n

satisfy AsySz = a.

The proof of Theorem 2.3.3 is omitted as it follows directly from Andrews and Cheng (2012a).
2.4 Bootstrap Critical Value Computation

Standard arguments for critical value computation rely on computation of the exact limiting
distribution of the test statistic by appealing to the extremal types theorem (see e.g. Xiao and Wu
(2014); de Haan (1976)). Recent work for high dimensional statistics has focused on by-passing
extreme value theory but has been limited by not allowing for dependence or residuals or by only
allowing for Gaussian approximation (Chernozhukov et al., 2013, 2017; Zhang and Cheng, 2018;
Zhang and Wu, 2017). Theory in Hill and Motegi (2018) and Hill and Dennis (2018) allows for
dependence under the null, residuals, and does not require Gaussianity. Here, we side-step the
extreme value theory asymptotics by using the approach found in Hill and Motegi (2018) and Hill
and Dennis (2018) paired with the dependent wild bootstrap of Shao (2010, 2011a).

The wild bootstrap is a multiplier bootstrap. Wu (1986) and Liu (1988) detail the classic wild
bootstrap for iid sequences. Hansen (1996) allows for adapted martingale difference sequences,
and Shao (2010, 2011a) allows for dependent sequences. Shao (2010) uses iid random draws as
weights with a kernel function, but does not allow for a truncated kernel. Shao (2011a) uses a
truncated kernel function.

In order to compute robust critical values, we consider least favorable (LF) and information
criteria selection (ICS) critical values. This involves computation of critical values under both weak
and strong identification. We follow Shao (2011a) to compute critical values under each scenario.
Below, we first elucidate the algorithm used to perform the bootstrap under each identification

scenario. Then we discuss critical value computation.
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2.4.1 Bootstrap Algorithm

Here we detail the bootstrap algorithm for computing critical values under {~,} € I'(vo, 0, b)
with ||b|| < oo (weak identification) and {v,,} € I'(7o, 00, wy) (strong identification).

First, we draw standard normal random variables with perfect dependence within blocks and
independence across blocks. This sequence of random normals forms the Gaussian multiplier used
in the wild bootstrap of Shao (2011a). It is important to note that the multiplier random variables
need not be Gaussian; however Gaussianity greatly simplifies arguments in the proofs.

Begin by selecting a block size k, s.t. 1 < k, < n, k, — oo, and k,/n — 0. Define blocks
by B, = {(s — 1)k, + 1,...,sk,} fors = 1,...,n/k,. Generate iid N(0,1) random variables
(&1, ., &, } and define 2, = £, if t € B,.

The bootstrapped critical values must be computed separately for each identification scenario.
The algorithms, which we detail next, are similar under weak and strong identification. They differ
due to the different expansions needed in order to account for the impact of parameter estimation

on the residuals.

Weak Identification

Under strong identification, the bootstrap only needs to replicate the randomness underlying
ci€i—p, and mf . However, under weak identification, an additional source of randomness is present
due to the inconsistency of 7,,. Therefore, the bootstrap under weak identification must also repli-
cate the underlying randomness from the limiting distribution 77*(b, 7o). Further, the additional bias
terms arise in the first order expansion under the case of weak identification that are not present
under strong identification. The bootstrap will replicate these sources of randomness in two steps.

First, we simulate a random draw, 77, (b, 70), from the distribution 7*(b, 7o) by using the draws
z; mentioned above. Next, we use 7, (b, 70) to construct the components of our test statistic under
weak identification, which are functions of . Then we again use the draws z, to construct the wild
bootstrap version of the test statistic. Finally, b and =, are nuisance parameters that we must deal
with. The algorithm is as follows.

First, compute H,(m) and K, (7; ). For example, in the STAR(1) model, H,(r) = LS
AN AN ERORNEROR: & 7, dya(m)alg (20, o).
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Next, recall that Q(m,7;v) = E[G(m;7%)G(T;7%)] is the a.s. p.d. covariance ker-
nel for G(-;7). Recall also that G,(m;v,) = \/Lﬁzyzl m? (). Compute GV (1) =
f Sz [mt (m) — > my(m Y )]. In the STAR(1) model,

G%bs) (m) = 777 Dt F [dw,t(ﬂ)et(z/)o,n(ﬁ)a ) _% > i [dtﬁ,t(ﬂ)si(zﬂov”(ﬂ)’ W)}
Define

€% (3 30,) = — 5 (G () + Kol 70)b) (o)~ (G109 () + Ko 70)0),

and compute ;. (70, 0) = ar%r%lin &8 (1570, b).

Now use 7, (70, b) and l@o,n to compute the quantities

Gn(T(psy) = (Hn () ™ [mt (%n, b)) th %nﬂf(bs))]

and

n

a * 1 * N * * N *
D, (h, 7T(bs)) 0 Z [dw,t(ﬁ(bs))&—h(%,mW(bs)) + dw,t—h(ﬁ(bs))&(%,n: 7T(bs))]-
t=1+h

Define

ét,h(d@ 7T) = ‘St('w? 7T)&S—h(wv 71') - gn(ﬂ'zbs))/f)n(ha 7T>(kb5))
— % Z [St(¢7ﬁ)5t—h(¢7ﬁ) - 5t€t—h]7

t=1+h
and the draws {z;} to define
P Jp—— {1 (Bl i) = 3 Eunlbon i)
n~ty o, (0n) .z [
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Observe that we subtract > | [e4(¢), 7)e,_p (¢, m)] from the component that will multi-
plied by the random variable z;, and then add = > | . [e,(¢, m)ey_p (¢, 7)] after. Recall that the
distribution of the test statistic has mean nh—{ilo VE,, [e(Von, T)er—n(Yon, 7)], hence the reason
for adding the quantity after multiplication by z;. We must subtract the quantity prior to multiplica-
tion as failing to do so will bias the variance of the bootstrapped distribution, since the variance in
the distribution of the test statistic is based on €;¢;_,, but our critical values are constructed using
5t(7j)0,n7 7Arn)gt—h(qvfjo,ru 7Arn)

We now define the bootstrapped test statistic 7" (7, b) = maxi<pcr, |V 5 (h; Y, b).
Critical value construction, which is based on order statistics of repeated draws of 7o) (Vn, b), is
defined below. Observe that the bootstrapped test statistic is a function of the nuisance parameters
(7, b) which cannot be consistently estimated. Therefore, we will define the a-level critical value
el = SUDL, b o (s D).

Strong Identification

The procedure for generating bootstrapped test statistics under the case of (semi-) strong iden-
tification is similar to that under weak identification; however, 7, consistently estimates the true
value 7, in this case. Due to this, we simply use the full estimated parameter vector 6,,, as the layer
involving generation of random draws from the distribution 7*(~, b) is not warranted. In addition,
the test statistic has mean zero, so the bootstrap test statistic follows a simpler construction.

Compute J,(0,) and DY(h,0,) = 130, [do+(0n)ei-n(0) + dos—n(0n)e:(0,)]. Define

~ ~

En(0) = e,(0)er_n(0) — (B(B,) DI (R, 0)) (J,(0,))"*mf (). Use the draws {z} to define

56 (1) — 1 L TR S e W
0= ety B o B )

t=1+h t=1+h

Finally, define the bootstrapped test statistic 7,.") = maxy<p<z, |7 A% (h)|. Observe that

there are no nuisance parameters in this case.

Remark 6. Note that our bootstrapped test statistics rely on sample versions of the first order

expansion g,5,_y, — D(h)J'm? as in Hill and Motegi (2018). It is incorrect to simply use
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5t(én)5t_h(én) without the term from the first order expansion since the bootstrap multiplier ran-
dom variables z; are mean zero and independent of the data. One can show that
DD ze(00)er—n(0,) = L L ih EEi—n + 0p(1//n), whereas first order arguments show
L er(0,)en(0,) = L n EiEi-n+0,(1/y/n). Ignoring the first order expansion term
therefore results in loss of information from the estimator b.,.

The same argument applies to the case of weak identification. The fact that the limiting distri-
bution of the estimator differs under weak identification is precisely why Hill and Motegi (2018)

cannot accommodate weakly identified models.

Critical Value Computation

Repeat the above procedures i = 1,..., M times to define {7;(;)}1-:1 and { An(;-”) (Y, O) }2L,.
For £ = w, s, define the order statistics {7;(12) ij\il such that 7;(18) < An(k(:;) < -0 < 72(’8\4)

The approximate a-level critical values under weak and strong identification, respectively, are
éf;f’l)_a(”yn, b) = 7;(1[‘2)17@. a1 (Tn, b) and 67(18,)1_@ = An(s[zka). a1 Observe that the a-level critical value
under weak identification is nuisance parameter dependent. Therefore, define the approximate

(w)

(w . ~
n,l—a ~ Supﬂ'n,b Cn,l—oa<7n7 b)

a-level critical value ¢

Theorem 2.4.1. Let Assumptions 1 - 11 hold, and let the number of bootstrap samples M, — oo.
Under {v,} € T'(7,0,b) with ||b]| < oo, let k = w and under {v,} € I'(yo,00,wp), let k = s.
There is a non-unique sequence of positive integers { L, } with L,, — oo and L,, = o(n) such that
AR W)

1—an — Ci_q

Moreover, under the alternative hypothesis, P(Tn > égk_)an) — 1fork=wand k = s.

The bootstrapped critical values are constructed assuming the null hypothesis is true. Theorem
2.4.1 shows that the bootstrapped critical values are consistent for the critical values from the null
limiting distribution of the test statistic. This indicates that under Hy, the test achieves correct size
asymptotically when the correct (e.g. either weak or strong) critical value is used. Theorem 2.3.3
then allows us to construct correctly sized tests by combining these critical values into LF and ICS
critical values.

Further, since the tests based on weak and strong critical values are both consistent against
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the alternative hypothesis, tests based on the LF and ICS critical values are also consistent against
the alternative. Note that the critical values are dependent upon the sequence {h : 1 < h <
L, } because they are computed using the sample correlations out to lag £,,. This dependence is
suppressed in the notation of Theorem 2.4.1.
2.5 Simulations

In this section we perform Monte-Carlo experiments to demonstrate the benefits of our ro-
bust max-correlation test. We perform simulations assuming that the true nuisance parameters are
known, which we call infeasible simulations, and we perform simulations using a grid of 7 and b
to calculate correlation expansions under weak identification, which we call feasible simulations.
We simulate J = 1000 samples to be used in infeasible simulations and J = 500 samples to be

used in feasible simulations of size n € {100, 250, 500, 1000} from the following processes:

STAR(1): Yr = Boye_1(1+exp(—10(ys_1))) "t + .5ys 1

ARMA(LD):  y; = (B + 5)ye—1 + ¢ — Der

for values of 3, € {0,.3//n,.3} that satisfy identification failure, weak identification, and
strong identification, respectively. The STAR(1) model is estimated via least squares, and the
ARMAC(1,1) model is estimated with an ARMAC(1,1) filter by QML. Recall that when /3, = 0, the
ARMAC(1,1) model reduces to the process y; = ¢;; hence 7, is not identifiable.

Both the ARMA and Smooth Transition Regression (STR) models have been highly use-
ful models to practitioners for decades. In particular, Andrews and Ploberger (1996) note that
AMRA(1,1) models provide parsimonious representations of many different stationary time se-
ries. Poterba and Summers (1988) show that many mean-reverting financial time series can be
represented by ARMA(1,1) models, and Taylor (2005) shows that the ARMA model can be used
to represent certain price-trend models.

STR models have spawned a broad class of time series representations. The Logistic STAR
(LSTAR) model that we examine in these simulations has been used to model business cycle asym-

metry with regimes associated with recession and expansions (Terdsvirta and Anderson, 1992;
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Skalin and Terdsvirta, 2001). When the variable controlling the speed of transition approaches in-
finity, the logistic function approaches an indicator function; hence, the LSTAR model itself nests
many Threshold Autoregressive (TAR) models as a special case. See Hansen (2011) for a survey
of the history of TAR models in Economics.

Changing the transition function leads to other classes of STR models that have been used
to model other phenomena. Exponential STAR models have been used to explain the nonlinear
dependence of the real exchange rate on the size of the deviation from purchasing power parity,
and higher order logistic functions have been used to allow multiple switches between regimes.
Multiple regime models (van Dijk and Franses, 1999) have also been explored to describe business
cycle nonlinearity, and Multiple Regime STAR models have been shown to nest many models as
special cases, including certain types of artificial neural networks.® Taking the transition variable to
be time leads to the time-varying STAR model (Lundbergh, Terdsvirta, and van Dijk, 2000), which
is related to structural instability of a time series, and has been used to study seasonal patterns
in industrial production (van Dijk, Strikholm, and Terédsvirta, 2001). STAR models have been
extended to allow cointegration and error-correction models in vector frameworks as well.’

With ARMA, STR and STAR models and similar models, it is common to assume that the
errors ¢, are martingale difference sequences.'” This leads to a natural model diagnostic test in the
form of a test of no serial correlation in the errors.

Let v; ~iid N (0, 1). For the error £,, we consider several different processes: 3 null hypothesis
models and several alternative hypothesis models designed to provide alternatives that vary in

difficulty for the tests to discover. We consider the following 3 null hypothesis models (Hy):

iid: Et = Vg

8 Artificial neural networks can be used to approximate continuous functions to an arbitrary degree of accuracy.
See Kuan and White (1994) for a review of ANNs.

9e.g. Taylor, van Dijk, Franses, and Lucas (2000) use a Smooth Transition Error Correction Model to examine
the relationship between spot and futures prices of the FTSE 100, Anderson (1997) and van Dijk and Franses (2000)
examine the term structure of interest rates, Swanson (1999) and Rothman, van Dijk, and Franses (2001) examine the
relationship between money and output, and Dwyer, Locke, and Yu (1996), Martens, Kofman, and Vorst (1998) and
Tsay (1998) examine spot and futures prices of the S&P 500.

105ee e.g. Nankervis and Savin (2010), Terasvirta (1994); Terisvirta (1998) and the review by van Dijk et al. (2002).
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GARCH(1,1): &, = oyvy, 02 =1+ .32 | + .60%
Bilinear: ¢, = .5e;_1v41 + 14
and the following alternative hypotheses (/1 4):
ARQ): g4 = bei_o + 14
MA(1): g, = By + 14
MA(10): ¢, = .Bry_19 + 14
MAQ1): g, = bry_o1 + 14

In order to examine power against distant alternatives for the longer sample lengths, we addi-
tionally consider a MA(50) alternative when n = 500 and a MA(100) alternative when n = 1000.

We perform the identification-robust Max Correlation test using both Least Favorable (LF) and
Identification Category Selection (ICS) critical values. Futher, we perform Hong’s (1996) Stan-
dardized Ljung-Box Q test (LBQ), Shao’s (2011a) Cramér von Mises Test (CvM), and Nankervis
and Savin’s (2010) representation of Andrews and Ploberger’s (1996) sup-LM test (supLM). For
all tests, we report rejection frequencies for both feasible and infeasible tests based on ICS, LF,
strong identification critical values only (S), and critical values obtained without using a first order
expansion (NoX). Note that the Max Correlation test in Hill and Motegi (2018) is simply the Max
Correlation utilizing the strong identification critical values only, so the tests labeled “MC S” cor-
respond to this test. Additionally, for comparison with Hill and Motegi (2018), we report p-value
based rejection frequencies in the supplemental appendix.

To satisfy space requirements, a selection of critical value based rejection frequency tables for
n = 100 and n = 500 under weak id are presented in section 2.5.1. All tables are presented in the

supplemental appendix.

Max Correlation Test The max-correlation tests require a lag length £,,. Weused a fixed £,, = 5

and sample size dependent £,, € {[n'/?], [\/n/(In(n)/4)], [v/n/(In(n)/5)], [\/n—1], [.5n/In(n)]}.
This implies that £,, € {4,5,8,9,10} when n = 100, L,, € {5,6,11, 14,22} when n = 250, L,, €
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{5,7,14,17,21,40} when n = 500, L,, € {5,9,18,22,30,72} when n = 1000. Additionally,
we use £, = [n/In(n)] when n = 500, 1000 leading to lag lengths 80 and 144, respectively.
We expect visible size distortions with the longer lag selections for the larger sample sizes; in
particular, we expect the sampling error at longer lags to lead the max statistic to exhibit larger
variance yielding under-sized tests. The test statistic is \/n maxi<p<z, |pn(R)]-

Infeasible critical values, for which the nuisance parameters are known, are computed by de-
pendent wild bootstrap with M/ = 1000 bootstrap samples for 7' = 100,250 and M = 500
bootstrap samples for 7" = 500, 1000 using the first order expansion given in Lemma 2.3.1. Due
to the greater computational requirements for computing the feasible critical values, for which all
correlations expansions under weak identification must be computed over a grid of 7 and b, we
use M = 500 bootstrap samples. For the DWB block size, we use k,, = [/n], where [-] is the

truncation operator.

Standardized Ljung-Box Q Test The standardized Ljung-Box statistic is N,, =

(2£,)7Y2 S8 w, (h){np2(h) — 1} where w,(h) = (n + 2)/(n — h). Under Hong’s (1996)
assumptions, N,, & N (0,1) when the null hypothesis is true and the {np?(h) : 1 < h < L,}
are asymptotically independent. This asymptotic independence typically fails for models with
martingale difference errors, so we expect this test to exhibit size distortions when ¢, is dependent
under H as with GARCH and bilinear errors. We perform a bootstrapped version of the test using

the Lemma 2.3.1 first order expansion.

Cramér-von-Mises Test Shao’s (2011a) statistic is C, = ;' SZ(A)d\ where S,(\) = -
VIR, (R)n(N), R,(h) is the sample covariance, and 1,(\) = (hm) 'sin(h)) if h # 0 and
n(N) = A/(2m) if h = 0. We approximate the integral with the sum fof SZ%(\;) and discretiza-

tion of A by the grid \; = 0,.001,...,3.141. We again implement the test with the DWB based on

the correlation expansion detailed in Lemma 2.3.1.

Sup LM Test The sup-LM test is based on Nankervis and Savin’s (2010) representation of An-
drews and Ploberger’s (1996) sup-LM statistic AP, (n — 1) = supycp LM, (A, n — 1), where
LM, (A\n—1)=n(1- ][>0 )\h_lﬁn(h)]Q. The generalized AP test of Nankervis and Savin
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(2010) are consistent against all nonwhite noise alternatives and have good power against nonsea-
sonal alternatives compared to many other tests in the literature. We compute AP, (L,,) with the
discretized parameter space A = [—.8, —.795, ..., 0,.005, ..., .8]. We implement the test with the
DWRB based on the correlation expansion in Lemma 2.3.1.

2.5.1 Simulation Results: STAR(1) Model

Recall from remark 6 that ignoring the first order expansion term results in loss of information
from the estimator 6,,, since the multipliers used in the bootstrap are mean zero and independent of
the data. Initial observations from the STAR(1) model indicate that the tests constructed without
use of the first order expansion may under perform in some situations. In particular, it appears
that the rejection frequency is usually lower than its expansion based counterparts. An exception
to this is found in the case of bilinear errors when we see that the NoX-based tests give higher
rejection frequencies, but this could be an empirical artifact due to a small number of simulations.
This lower rejection frequency is not noticeable under every alternative hypothesis scenario that we
consider; however, it is noticeable under the distant, weak alternatives considered in particular for
the sup LM and CvM tests. The sup LM and CvM tests perform poorly against such alternatives
in general.

Next, recall that the least favorable (LF) critical values are constructed by always taking the
larger of the critical values found assuming weak and strong identification, so we see that tests
based on these critical values tend to have lower rejection frequencies than other tests. The critical
values attained under weak identification tend to be larger than those attained under strong identi-
fication, so the effect is particularly prominent when the truth is strong identification. When 7 is
weakly identified, tests based on the LF critical values have rejection frequencies similar to those
based on the ICS critical values.

Interestingly, tests based on the LF critical values are the only tests that do not tend to over-
reject the null hypothesis under bilinear errors. In fact, in this situation, these tests always have near
zero rejection frequencies. It seems that under this specification, not only do the weak identification
critical values tend to be large under strong identification, but the strong identification critical

values also tend to be large under weak identification. This has the effect of causing the LF critical
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values to always be large, leading to very small rejection frequencies. Due to these issues and
those mentioned for the NoX based tests, we will not mention the LF or NoX based tests in the
discussion that follows.

Tests based on Identification-Category-Selection (ICS) critical values tend to perform fairly
well under the specifications tested here. Empirical size tends to be close to or less than nominal,
and power under the alternative hypothesis tends to be relatively high. Exceptions include the cases
in which we specify bilinear errors. Recall that bilinear {¢;} is a non-mds white noise process;
hence it is a null hypothesis specification. However, our tests tend to exhibit much larger than
nominal rejection frequencies in this case. This does not seem to represent a disadvantage when
compared to tests based on other critical value constructions, as they all tend to perform poorly for

bilinear errors.

Table 2.1: White Noise Test Simulations - STAR model without expansion

Nold WeaklId StrongId

MC NoX 0.04 0.03 0.04
LBQ NoX 0.03 0.02 0.02
sup LM NoX 0.02 0.01 0.02
CvM NoX 0.00 0.00 0.02

STAR model without expansion. Rejection Frequencies: Infeasible CV based Tests, STAR(1) model with
iid errors, o = 0.05, T' = 500, £,, = 5, J = 500.

Table 2.2: White Noise Test Simulations - Least Favorable Critical Values

T =100 7T =500

MCLF 0.02 0.01
LBQLF 0.02 0.01
sup LM LF 0.00 0.00
CvM LF 0.01 0.01

STAR model under Strong Identification with LF CVs. Rejection Frequencies: Infeasible CV based Tests,
STAR(1) model with iid errors, Strong Identification, o = 0.05, £,, = 5, J = 500.

Recall that since the sup LM and CvM tests do not require a maximum lag, so we use a lag
length of n — 1 for these tests. the MC and LBQ tests, however, require specification of a lag
length, and we provide a range of lags to check finite sample performance. The most obvious
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observation is that we experience rejection frequency shrinkage across all specifications and critical
value constructions as £,, increases, holding n fixed. This affects specifications under both the null
and alternative hypotheses. It appears that this is an artifact of increasingly noisy estimates at
longer lags making their way into the critical values through the dependent wild bootstrap.

Now, recall that one of the primary reasons for considering a max test in this paper is that the
max test tends to offer sharper estimates at longer lags when compared to tests based on averages
of correlations, as the max test only relies on the most informative sample correlation estimate.
Due to this, we expect the issue of rejection frequency shrinkage to be less pronounced for the max
correlation test than for the LBQ test, a result that we do find in our simulations. The infeasible

ICS statistics tend to have close to nominal size at the shortest lag length tested, £,, = 5.

Table 2.3: White Noise Test Simulations - Size Shrinkage

Ly,=5 L,=22 L,=40 L, =280
MC ICS 0.04 0.02 0.01 0.01
LBQICS  0.02 0.00 0.00 0.00

Size Shrinkage in STAR-GARCH model under Weak Identification with ICS. Rejection Frequencies:
Infeasible CV based Tests, STAR(1) with GARCH(1,1) errors, Weak Identification, o = 0.05, T' = 500,
J = 500.

For specifications in which H|, is false, we see that MC as comparable pwoer to LBQ and some-
times smaller power than sup LM and CvM when the dependence under H 4 is easily detectable;
that is for error specifications with close dependence such as the AR(2) and MA(1). However, for
specifications with weak distant dependence, the max correlation test dominates the other tests.
This is due to the fact that the max correlation test utilizes the most informative sample correlation
estimate rather than smoothing over many possibly noisy estimates.

The maximum correlation test constructed using only the strong identification critical values
(MC S) is the test of Hill and Motegi (2018). We include tests constructed by using only strong
identification critical values in oder to compare the identification robust critical value based tests
to these tests and in particular to the test of Hill and Motegi (2018). We find that when 7 is

strongly identified, the ICS based tests are comparable to the tests that use only the critical values
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constructed under strong identification. This seems to indicate that the ICS selection procedure
works well in practice.

However, we also find that when 7 is non- or weakly-identified, the ICS based tests perform
similarly to the tests based on the strong identification critical values only. Hence, based on these
specifications, it appears that MC ICS does not dominate MC S under weak or non identification of
m. It is possible that this is an artifact of the chosen model specifications, as the simulations based
on the ARMA(1,1) model detailed below indicate that when using only the strong identification

expansion when the truth is weak identification results in size distortions under the null.

Table 2.4: White Noise Test Simulations - STAR model under Strong Identification

Hy True H False
Infeasible Infeasible Feasible
iid GARCH(1,1) | AR(2) MA{0) AR(2) MA(0)
Ly,=5 Ly,=5 Ly,=5 L,=10 L,=5 £L,=10
MC ICS 0.05 0.03 0.84 0.74 0.36 0.36
LBQICS 0.04 0.03 0.77 0.57 0.33 0.28
sup LM ICS 0.06 0.04 0.69 0.11 0.32 0.06
CvM ICS 0.00 0.00 0.00 0.00 0.00 0.01
MC LF 0.03 0.02 0.57 0.47 0.36 0.36
LBQLF 0.02 0.02 0.53 0.31 0.33 0.28
sup LM LF 0.02 0.01 0.47 0.05 0.32 0.06
CvM LF 0.00 0.00 0.00 0.00 0.00 0.01
MCS 0.06 0.05 0.92 0.83 0.92 0.83
LBQS 0.06 0.05 0.84 0.68 0.83 0.66
sup LM S 0.10 0.07 0.75 0.18 0.74 0.16
CvM S 0.01 0.01 0.01 0.01 0.01 0.01
MC NoX 0.03 0.03 0.87 0.81 0.86 0.79
LBQ NoX 0.04 0.02 0.75 0.61 0.75 0.59
sup LM NoX  0.04 0.03 0.63 0.08 0.65 0.07
CvM NoX 0.00 0.00 0.00 0.00 0.00 0.00
MC W 0.03 0.02 0.57 0.47 0.38 0.43
LBQ W 0.02 0.02 0.53 0.32 0.39 0.40
sup LM W 0.02 0.02 0.49 0.05 0.41 0.41
CvM W 0.13 0.13 0.10 0.15 0.37 0.41
Rejection Frequencies: Feasible CV based Tests, STAR1, Strong Id, o = 0.05, T = 100, 3, = 0.300,
J = 500.
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Table 2.5: White Noise Test Simulations - STAR model under Weak Identification

Hy True Hj False
Infeasible Infeasible Feasible
iid GARCH(1,1) | AR(2) MA(10) AR(®2) MA(10)
L,=5 L,=5 L,=5 L,=10 L,=5 L,=10
MC ICS 0.04 0.03 0.89 0.78 0.24 0.20
LBQ ICS 0.03 0.03 0.83 0.63 0.26 0.13
sup LM ICS 0.06 0.05 0.79 0.12 0.26 0.02
CvM ICS 0.00 0.00 0.00 0.00 0.00 0.00
MC LF 0.04 0.03 0.84 0.74 0.24 0.20
LBQLF 0.03 0.03 0.75 0.59 0.26 0.13
sup LM LF 0.06 0.05 0.70 0.11 0.26 0.02
CvM LF 0.00 0.00 0.00 0.00 0.00 0.00
MC S 0.06 0.05 0.93 0.82 0.93 0.82
LBQS 0.05 0.05 0.86 0.71 0.86 0.67
sup LM S 0.11 0.07 0.84 0.18 0.84 0.15
CvM S 0.00 0.00 0.01 0.01 0.00 0.00
MC NoX 0.02 0.03 0.85 0.80 0.88 0.79
LBQ NoX 0.02 0.02 0.74 0.63 0.74 0.58
sup LM NoX 0.02 0.02 0.65 0.05 0.69 0.03
CvM NoX 0.00 0.00 0.00 0.00 0.00 0.00
MC W 0.04 0.03 0.84 0.75 0.26 0.23
LBQW 0.04 0.03 0.76 0.60 0.29 0.18
sup LM W 0.06 0.05 0.72 0.11 0.29 0.15
CvM W 0.07 0.08 0.09 0.09 0.21 0.15

Rejection Frequencies for Feasible CV based Tests. STAR(1) model, Weak Id, a = 0.05 7" = 100,
Brn = 0.030, J = 500.

2.5.2 Simulation Results: ARMA(1,1) Model

Similar to the results for the STAR(1) model discussed above, we find that tests based on critical
values constructed by ignoring the first order expansion tend to be overly conservative. Such tests
still have power against the alternatives studied; however, power is lower than their expansion
based counterparts. The ARMA model also experiences a similar issue with the NOX based tests
giving higher rejection frequencies under bilinear errors.

Further, the results for LF tests appear more favorable for the ARMA model than for the STAR
model. In particular, sizes appear to be similar to the ICS counterparts when the true identification
case is weak (8, = .3/4/n) or non (3, = 0) identification. However, the LF tests appear to be
too conservative when the truth is strong identification. Under strong identification and the null
hypothesis, sizes are typically considerably smaller than nominal, and the rejection frequencies
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are low enough under the AR(2) errors that all LF based tests are in danger of failing to reject the
alternative hypothesis. For MA(10) errors, empirical power of the LF based tests are lower than
their counterparts, but only the sup LM and CvM tests give negligible power.

ICS based tests tend to perform well across most of our testing specifications. Namely, for iid
and GARCH errors, the ICS based tests are smaller than or close to nominal across all identification
scenarios, with the MC ICS test giving rejection frequencies closest to the nominal levels. The sup
LM and CvM tests are often very conservative, giving very small empirical sizes.

In particular, under the null hypothesis specifications and strong identification, the ICS based
tests appear to be equivalent to their S based counter parts. However, under weak and non iden-
tification, the ICS based tests continue to provide empirical sizes that are smaller than or close to
nominal, while their S based counterparts tend to exhibit empirical size distortions. For example,
at the nominal level @ = .10 for iid errors and weak identification, the MC ICS statistic has em-
pirical size .112 while the MC S statistic gives an empirical size of .172 at lag length £,, = 5, and
the MC ICS statistic has empirical size of .106 and the MC S statistic has empirical size of .144
at lag length £,, = 10. The CvM test is an exception here, as the CvM S test does not tend to
exhibit empirical size distortions; however, the CvM test is very conservative with CvM ICS often
exhibiting rejection frequencies far below nominal. This results in lower empirical power for the
CvM test as well, with CvM ICS and CvM S exhibiting rejection frequencies of .066 and .07 under
the alternative hypothesis given by MA(10) errors and strong identification. The sup LM test has a
similar issue with being overly conservative.

Under the alternative hypothesis, the MC tests have the overall highest empirical power out of
the tests considered. The LBQ test performs decently as well. With S based tests providing higher
rejection frequencies than ICS based counterparts, leading to size distortions under the null when
identification is weak, we might expect the rejection frequencies of S based tests to be considerably
higher than ICS counterparts under alternative specifications. While S based tests do tend to have
higher rejection frequencies than ICS based tests, overall, the empirical power of ICS based tests is
comparable to their S based counterparts. For example, under the MA(10) alternative specification

with'lag length 'L, =10 When'identification is weak, the MC ICS test has rejection frequency .904
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and the MC S test has rejection frequency .928.
The AR(2) alternative specification appears to be fairly easy to pick up by the tests under
consideration, as they exhibit reasonably large empirical power. The MA(10) alternative provides

a better distinction among the tests.

Table 2.6: White Noise Test Simulations - ARMA under Strong Identification

Hg True H False
Infeasible Infeasible Feasible
iild GARCH(1,1) | AR(2) MA(0) AR®2) MA(0)

MC ICS 0.05 0.03 0.56 0.76 0.51 0.72
LBQICS 0.04 0.04 0.52 0.54 0.47 0.48
sup LM ICS 0.02 0.05 0.50 0.06 0.46 0.05
CvMICS 0.01 0.02 0.41 0.03 0.00 0.01
MC S 0.05 0.03 0.58 0.76
LBQS 0.04 0.05 0.54 0.55
supLMS  0.02 0.05 0.52 0.06
CvM S 0.02 0.03 0.41 0.03

Rejection Frequencies: Robust Tests, Identified, ARMA model, o« = 0.05, 7' = 100, 8 = 0.300, J = 500.

Table 2.7: White Noise Test Simulations - ARMA model under Weak Identification

Hg True H False
Infeasible Infeasible Feasible
iid GARCH(1,1) | AR(2) MA(10) AR(®2) MA(10)
L,=5 L,=5 L,=5 L,=10 L,=5 L,=10
MC ICS 0.05 0.05 0.89 0.81 0.52 0.15
LBQ ICS 0.03 0.04 0.85 0.63 0.47 0.11
sup LM ICS 0.01 0.04 0.85 0.04 0.45 0.01
CvM ICS 0.00 0.01 0.87 0.01 0.01 0.00
MC S 0.09 0.10 0.90 0.85
LBQS 0.08 0.07 0.88 0.73
sup LM S 0.09 0.09 0.87 0.11
CvM S 0.05 0.05 0.88 0.12
Rejection Frequencies: Robust Tests, Nearly Unidentified, ARMA model, a = 0.05, T" = 100, 5 = 0.030,
J = 500.

2.6 Empirical Analysis

Predictability of stock returns continues to be an active area of research. Campbell, Lo,
and MacKinlay (1997) use Box-Pierce tests to analyze serial correlation in stock return indices.
Nankervis and Savin (2010, 2012) reproduce this analysis with their sup LM test, a generalized
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version of the test of Andrews and Ploberger (1996). However, Nankervis and Savin (2010) note
the limitation that their sup LM test is not appropriate for residuals, specifically from an ARMA
model. Our test, on the other hand, is designed specifically to be appropriate for residuals from
estimated models.

In a related, but different line of research, trading rules are utilized in an attempt to exploit
low levels of dependence in financial return series. Some of these rules are based on modeling the
return series. Taylor (2005) describes a trading rule based on modeling the dependence in financial
returns with an ARMA(1,1) model and informing the trading decision based on forecasts generated
from that model.

We perform an exercise similar in spirit to that performed by Campbell et al. (1997) and
Nankervis and Savin (2010) in that we are interested in testing for serial correlation in financial re-
turn series. However, we motivate our exercise by modeling the return series with an ARMA(1,1)
model and using our robust test for serial correlation as a model adequacy test on the residuals
from the model.

A more appropriate model for this context would be an ARMA-GARCH model; however, the
notion of market efficiency should lead us to believe that the model is over-parameterized in the
sense that the ARMA parameters are zero. Since GARCH residuals are MDS, we believe that
adding a GARCH component to the model unnecessarily complicates the exposition of this test.
Because of this, we simply this analysis which would other-wise require a more realistic model in
order to demonstrate the use of the test.

Our data are annual, monthly, daily value-weighted and equally-weighted CRSP NYSE/AMEX
stock return indices for the period July 1962 to December 2005, the same data as used by Nankervis
and Savin (2010). Additionally, we perform our analysis on the same sub-sample periods used by
Nankervis and Savin (2010).

We compare results from the same tests as illustrated in the simulations. The sup LM S test
is the test of Nankervis and Savin (2010), appropriately modified to be used with residuals but
ignoring the possibility of weak identification. The sup LM ICS test is the same test but constructed

to account for the possibility of weak identification using the Identification Category Selection
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procedure.

We model the return series with the ARMA(1,1) model

Y= (B4 m)y—1 + et — mEL1,

which is estimated via Quasi-Maximum Likelihood. Recall that 7 is unidentified when 8 = 0,
and 7 is weakly identified when £ is statistically close to 0. Tables for the monthly data analysis
of value-weighted returns are provided here for illustrative purposes. The first table shows the
estimated coefficients for 5 along with the corresponding standard errors.

It appears that the Bn are all statistically insignificantly different from zero. This situation
could ordinarily give the practitioner pause in modeling these series with the model used. One’s
first reaction may be to assume that the ARMA model is over-parameterized, yielding y;, = &;.
However, as discussed in the simulation section 2.5, this does not mean that the ARMA(1,1) model
is not adequate for the purpose of modeling the return series.

Further, while we expect the notions of market efficiency and no arbitrage to manifest as a
common root in the ARMA model, as practitioners we cannot say for certain that there is no
dependence in the series. This is exactly the empirical situation in which one must worry about
potential weak identification. That is, we want to model the potentially low levels of dependence
that may exist in the series, and we must account for the non-standard inference that results from
the parameter 7 being statistically near identification failure.

The goal of this empirical exercise is to perform a model diagnostic activity on the resulting
estimated model in order to determine if we are willing to believe that the model has captured
any serial correlation that might have existed in the series. Hence, for these sub-sample periods,
we conduct the serial correlation tests, appropriately modified for residuals, as outlined in the

simulation section.
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Note that we are not, as is done in previous research (Campbell et al., 1997; Nankervis and
Savin, 2010), examining serial correlation in the raw return series. Here we model the raw returns
with an ARMA(1,1) model and examine the residuals from this estimated model for serial corre-
lation. Recall that the tests denoted with S are based on the procedure that ignores identification
failure, and the tests denoted /CS are based on the procedure that accommodates identification fail-
ure. Note also that the table displays the test statistics, which should be, and are, the same across
testing procedures; recall that holding a particular test fixed, the testing procedures only differ in
the critical values leading to the differences in statistical significance shown in the table.

Observe first the tests that ignore identification failure. In particular, the results from columns
1, 4, and 6 would indicate to the practitioner that there is evidence to conclude that the modeling
exercise does not adequately capture serial correlation in the raw return series. However, from
the table detailing the estimated B ’s and their associated standard errors, the results from this
paper should lead the practitioner to believe that our modeling activity may be contaminated by
identification failure. Since this batch of tests do not accommodate identification failure, we should
be wary of their implications.

Indeed, turning to the batch of tests that accommodate identification failure, we see that, in
general, the identification failure itself may be to blame for the rejection of the null hypothesis
found with the § based tests.

2.7 Conclusion

A long line of literature documents the effect of parameter identification failure on the distribu-
tions of the estimators. Here we demonstrate that the resulting nonstandard estimator distribution
can propagate to a test statistic for serial correlation conducted on the residuals from the estimated
model. Naively using tests for serial correlation that do not accommodate identification failure
can lead to distorted inference when identification failure is present as a feature of the modeling
activity. In this case, the practitioner is in danger of concluding that the modeling activity did not
capture the serial correlation in her data, when in fact, this conclusion was induced by failing to
account for the failure in parameter identification. We provide a testing procedure that accom-

modates parametric identification failure in a white noise test on the residuals from an estimated
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model by simulating the resulting nonstandard distribution in order to conduct valid inference.
Our simulations indicate that this testing procedure is able to correct the over rejection of the
null hypothesis that occurs when ignoring identification failure in finite samples. We document
that while the procedure does involve a loss in empirical power in finite samples, the procedure
still appears to be useful for certain types of alternative. Finally, we present an empirical exercise
in which we demonstrate why we expect to encounter identification failure, the danger of ignoring

this issue, and how this testing procedure accounts for identification failure.
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CHAPTER 3

TESTING MANY ZERO RESTRICTIONS UNDER MIXED IDENTIFICATION STRENGTH

3.1 Introduction

Traditional inference is distorted when estimating a model with either a large dimensional
parameter or a parameter that may not be identifiable. These issues have both been well studied in
isolation; however, there are situations in Economics in which practitioners may wish to estimate
and conduct inference on a large dimensional parameter when some of the parameters might not
be identified. We provide a testing framework that accommodates large dimensional parameters
when some or many of the parameters may only be weakly identified. Specifically, we demonstrate
that parameter identification failure results in size distortions in a high dimensional setting, and
we develop an inference procedure that corrects the size distortion in tests for large dimensional
parameters for which a subset may be weakly identified.

Testing in a high dimensional framework is a challenge for standard tests and a topic of re-
cent interest. Many solutions have been proposed to accommodate estimation and inference in a
high dimensional setting; however, we focus our attention on a particular class of tests. This class
of tests, referred to as Max tests, conducted on the maximum estimator from a sequence of par-
simoniously constructed sub-models have been shown to have nice properties when testing high
dimensional parameters (Ghysels et al., 2016a; Hill and Dennis, 2018). These sub-models which
we describe in detail in section 3.3 form the foundation of our testing framework.

It is also known that tests on parameters that may not be identifiable require non-standard infer-
ence (Andrews and Cheng, 2012a; Cheng, 2015). In particular, many parameters in our framework
may or may not be identifiable, requiring the analysis of mixed identification strength in our set-
ting. The effect of mixed identification strength on inference has not yet been studied in a high

dimensional setting.
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Examples in the empirical literature demonstrate the need to examine the meeting point of
these two topics. Some of these examples include the use of additive non-linear models to study
non-linear mean reversion in exchange rate dynamics (Taylor, Peel, and Sarno, 2001; Kilic, 2016)
and linear instrumental variables models with many weak instruments (Andrews and Stock, 2007;
Belloni, Chernozhukov, and Hansen, 2014b), particularly when estimated with limited informa-
tion maximum likelihood (Andrews and Cheng, 2012b). We discuss examples in greater detail in
section 3.6.

We provide initial simulation results in Section 3.3 demonstrating that traditional tests tend to
over-reject the null hypothesis that the parameter vector of interest is zero when this parameter
has large dimension and some model parameters are only weakly identified. When the parameter
of interest has large dimension but parameter identification failure is not present, the Wald test
exhibits size distortions, but the Max test does not; this reiterates the result in Hill and Dennis
(2018). However, when combined with parameter identification failure, both tests tend to over-
reject the null hypothesis. This paper synthesizes ideas in Cheng (2015) and Hill and Dennis
(2018) to develop a test on a large dimensional parameter that reduces size distortions when weakly
identified parameters may be present in the model.

We consider tests of parameter zero restrictions in models for which the parametric source of
identification failure is known. For this class of models, identification failure can occur under the
null hypothesis, leading to the inclusion of nuisance parameters under the null, or weakly iden-
tified parameters unrelated to the null hypothesis may be present as a feature of the model. In
order to account for the presence of unidentified parameters, we operate under the unifying frame-
work of Andrews and Cheng (2012a) and Cheng (2015). Unlike Andrews and Cheng (2012a), our
framework accommodates models with mixed identification strength originating from many para-
metric sources of identification failure. The concept of testing under mixed identification strength
is explored by Cheng (2015) for the case of an additive nonlinear model with a small dimensional
parameter. Our procedure is applicable to a broader class of models within the framework of
M-estimation.

Further, the dimension of the subset of the parameter vector on which we conduct the test is
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allowed to increase with the sample size, thereby creating a high dimensional testing framework.
This is an avenue that has not been explored in conjunction with weakly identified models. Es-
timation and inference on parameters with a large dimension must be handled in a non-standard
way. That is, traditional methods for conducting inference on high dimensional parameters will
result in size distortions (Hill and Dennis, 2018), and if the dimension of the parameter is large
enough, traditional estimation methods may fail entirely. Estimation either proceeds with a shrink-
age estimator! (Tibshirani, 1996) paired with a sparsity assumption with inference conducted only
on the non-zero parameters (Belloni, Chernozhukov, and Hansen, 2014a), or estimation and infer-
ence proceeds via carefully selected parsimonious models (Ghysels et al., 2016a; Hill and Dennis,
2018). We adopt the latter framework to provide a correctly sized testing procedure for high di-
mensional parameters in models with mixed identification strength.

We formally introduce the Max Test in Section 3.3. For the interested reader, Section 3.2
discusses the related literature. For inference, we adopt the notation of Cheng (2015).2 Section
3.4.1 presents the main assumptions and estimation results® that provide the joint limit theory
for the parsimonious estimators which is then used to inform the limit theory for the Max Test in
Section 3.5. Section 3.4.2 discusses the link between the hypothesized model and the parsimonious
models that is needed in order to provide a valid test. Section 3.5 discusses the Max Test and the
inference procedure used to calculate p-values. We collect several examples that can analyzed
using this framework in Section 3.6. Section 3.7 details the Monte-Carlo simulations, and the final
section concludes.

3.2 Relationship with the Literature
Consider estimating scalar parameters (3, 7) from the nonlinear function Y; = Sg(X;, ) + &

for some smooth non-linear function g. It is well known that when 5 # 0, 7 can be (strongly)

le.g. the LASSO.
2Section B.1 in the Appendix discusses in detail the notation needed to utilize her sequential procedure.

3The results in Section 3.4.1 are based upon results derived in Section B.2 in the Appendix which provide the
assumptions and estimation results that generalize Cheng’s (2015) results to a broader class of models and hence are
of independent interest.
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identified, and when 3 = 0, 7 cannot be identified. In order to develop a unifying testing frame-
work, we utilize a thought experiment which can be characterized by using the notion of drifting
sequences of true parameters. Let 5 = [3,, be a sequence of true parameters, indexed by the sample
size n, that are drifting to 0. Then the strength of identification of 7 is categorized by the speed
at which 8, — 0. When /nf3, — oo, we characterize 7 as being semi-strongly identified, and
when /nfB, — b € (0,00), we say 7 is weakly identified. In the latter case, our estimator 7, is
not consistent for the true 7y, and converges instead to a random variable under certain conditions.
Table 1 from Andrews and Cheng (2012a) details these categories. It is important to note that in
this literature, the parametric source of identification failure is known. More recently, Han and
McCloskey (2016) develop theory for the case in which the source of identification failure may be
unknown. We focus on the former case and leave this extension for future research.

For the cases of non-identification and weak identification, the estimators for 7 are inconsistent.
Further, in these cases the estimator for [ is consistent; however, it is a function of 7, which
converges to a random variable, resulting in a non-standard distribution for Bn This implies that
the resulting test statistics will exhibit non-standard behavior, yielding distorted inference from
classical tests. In this case, the asymptotic distribution of the test statistics will be nonstandard.

In particular, this is an issue for economic practitioners, as many commonly used models in
Economics include parameters that may be unidentified in certain parts of the parameter space. Ex-
amples such as Dynamic Stochastic General Equilibrium models (Guerron-Quintana et al., 2013;
Andrews and Mikusheva, 2015), Smooth Transition AutoRegressive models (Terasvirta, 1994;
Terdsvirta, 1998; van Dijk et al., 2002; Andrews and Cheng, 2013), Probit models (Andrews and
Cheng, 2012a, 2014) and Nonlinear Binary Choice Models (Andrews and Cheng, 2013), nonlinear
instrumental variables models with possibly weak instruments (Andrews and Cheng, 2012a, 2014),
ARMA models Andrews and Ploberger (1996); Andrews and Cheng (2012a); Dennis (2019),
Regime Switching Models (Chen et al., 2016) and Fuzzy Regression Discontinuity Designs (Feir
et al., 2016), models based on moment conditions and GMM (Andrews and Cheng, 2014), and
MiDAS Regressions (Ghysels et al., 2016b) have been shown to include model components that

may not be‘identified in certain regions of the parameter space.
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Missing from the analysis of Andrews and Cheng (2012a) is the ability to account for models
with mixed identification strength, referring to models which may simultaneously include parame-
ters from each from each of the identification categories (Cheng, 2015). Consider the simple model
Y, = B19(Xy, m) + Pog(Xy, m2) + €, where ¢, is independent of X; and with the null hypothesis
Hy : p = 0. Under this null hypothesis, the 7; are unidentified nuisance parameters, so this frame-
work is related to the literature on testing with nuisance parameters under the null (Davies, 1977,
1987; Andrews and Ploberger, 1994; Hansen, 1996; Stinchcombe and White, 1998; Ghysels and
Guay, 2004; Andrews and Mikusheva, 2016). Nuisance parameters cause the test statistics to have
non-standard distributions, which often do not have analytic expressions and must be simulated.

In this framework, however, each parameter 7; may exhibit its own degree of identification
strength, so a uniformly valid test becomes necessary. Andrews and Cheng (2012a, 2013, 2014)
discuss uniformly valid inference but do not allow for mixed identification strength. Cheng (2015)
offers the first uniformly valid inference procedure for inference on sub-vectors of § allowing
for mixed identification strength but limits her theory to additive nonlinear models. The theory
presented here is applicable to M-estimation problems and hence is appropriate for a much larger
class of models.

Andrews and Cheng (2012a, 2013, 2014) and Cheng (2015) do not consider large dimensional
parameters or max tests. In contrast, we construct a test based on the maximum of a sequence of
estimated parameters from a high dimensional parameter. Inference in models with many param-
eters is typically conducted with an imposed sparsity assumption by forcing a large number of the
parameters to be equal to zero with a penalized estimator such as LASSO or Ridge (Tibshirani,
1996) in a way that precludes inference on those parameters. As a result, valid inference can only
be conducted on the remaining non-zero parameters.

Further, the LASSO sets exactly equal to zero any parameter that cannot be statistically distin-
guished from zero. Belloni, Chernozhukov, Hansen, and Kozbur (2016), Leeb and P&tscher (2008)
and Potscher (2009) note that this can be problematic for conducting inference with approximately
sparse models that include both variables with small but nonzero coefficients and strong predic-

tors; as the EASSO'will'exclude the variables with small but nonzero coefficients, which can lead
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to omitted variable bias and irregular sampling behavior. Recent work focusing on this inference
issue has relied on ‘desparsification’ (van de Geer, Biihlmann, Ritov, and Dezeure, 2014; Caner
and Kock, 2018) or ‘debiasing’ (Belloni et al., 2014b; Wooldridge and Zhu, ming) the LASSO es-
timator; however, using these procedures to conduct inference when some parameters are weakly
identified has not been studied.

Our approach differs in that we estimate a collection of parsimonious models by considering
each parameter in turn and evaluating the maximum of the estimated values, thereby allowing
inference on all parameters Ghysels et al. (2016a); Hill and Dennis (2018). In this sense, our test
can be thought of as a pre-test on a high dimensional parameter vector for variable inclusion.*
Alternatively, one may prefer to frame the max test as method for testing the sparsity assumption
on a given model. In general, however, we may simply have a desire to test a large subset of our
parameters based on economic reasoning. Further, our procedure does not require sub-Gaussian
related moment conditions, typically cited for use of the LASSO; however, this results in the trade-
off that the rate of allowable parameter inclusion be limited to o(n) rather than the much less
restrictive rates typically allowed by the LASSO and related estimators.

When testing the maximum value in a sequence, we are most often interested in determining
if any of the parameter elements are different from zero. In considering only the maximum from
the sequence of values, the test statistic utilizes the most informative measure available from our
data, eliminating issues that arise from low degrees of freedom and inversion of large or near
singular covariance matrices when a large number of variables needs to be tested, for example
(Hill and Dennis, 2018; Ghysels et al., 2016a), or by combining noisy estimates which occurs
when calculating serial correlations at long lags (Hill and Motegi, 2018; Dennis, 2019).

Statistics based on a maximum of a sequence of values is an extensively studied topic in the
literature (see the textbook treatments by Leadbetter et al. (1983); Resnick (1987)) dating at least

to Fisher and Tippet (1928) and Gnedenko (1943). See also Gumbel (1958) and Berman (1964).

4As noted in Antoine and Renault (2015), pre-testing approaches are sometimes criticized, as a correct approach to
inference should account for error induced from the pre-testing stage, an argument similar to that posed by Leeb and
Potscher (2008) regarding post-selection inference with the LASSO. The pre-testing approach is only one interpreta-
tion of the max test.
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Typically in this literature, extremal value theory arguments appeal to the Extremal Types Theorem
to determine the exact asymptotic distribution of the maximum statistic. For example, Xiao and
Wu (2014), who provide a max test for serial correlation, show that under suitable normalization,
their test statistic converges in distribution to a Gumbel distribution. See de Haan (1976), who
provides a standard approach to proving the Extremal Types Theorem.

These arguments require that when the data are divided into blocks, the dependence between
increasingly distant blocks decays at a sufficient rate. Hill and Dennis (2018) argue that when es-
timating parsimonious models, the classical extreme value theory arguments are no longer straight
forward to prove, as the estimators from the parsimonious models may exhibit some degree of
asymptotic dependence due to omitted variables. For this reason, we rely on a different method
proved in Hill and Dennis (2018) to prove the validity of our bootstrap.

Methods for bootstrapping high dimensional statistics have not been available until recently.
Chernozhukov et al. (2013, 2017) develop a theory that is able to both bypass the typical extreme
value theoretic asymptotic arguments and deliver an impressive growth rate for the sequence being
examined. However, they require independence and their theory is only appropriate for observed
random variables and relies on Gaussian approximation that is not appropriate for approximations
of non-Gaussian normalized summands.’ Zhang and Cheng (2018) extend the Gaussian approx-
imation theory in Chernozhukov et al. (2013, 2017) to allow for dependence, but only allow for
observed random variables. Zhang and Wu (2017) develop theory for a Gaussian approximation
for high dimensional times series but only allow for observed sequences as well. The theory in Hill
and Dennis (2018) is also able to bypass extreme value theoretic arguments, allows for dependence
under the null, and is appropriate for residuals. For this reason, we rely on the theory developed
in Hill and Dennis (2018); however, this theory results in the trade-off that a precise upper bound

on the sequence L,, — oo cannot be provided, and the allowed growth rate is simply shown to be

o(n).b

Ssee also Belloni et al. (2018).

®Hill and Motegi (2018) address the issue of optimal lag selection with a data driven procedure, modified from the
method of Escanciano and Lobato (2009). This procedure could be applied to the testing framework presented here;
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We discuss several relevant examples in section 3.6 including tests for omitted nonlinearity,
relevant to studying Purchasing Power Parity (Rogoff, 1996; Taylor et al., 2001), and linear instru-
mental variables estimation with many instruments (Belloni et al., 2014a,b, 2016). In an empirical
example, we conduct tests of linearity against an additive nonlinear alternative. In particular, the
class of Smooth Transition Auto-Regressive (STAR) models that we examine in the simulations has
been used to model business cycle asymmetry with regimes associated with recession and expan-
sions (Terdsvirta and Anderson, 1992; Skalin and Terdsvirta, 2001), and nonlinear mean reversion
in exchange rate dynamics (Taylor et al., 2001; Kilic, 2016). In general, smooth transition models
have been used to study many phenomena. Further, certain STAR models nest many Threshold
Autoregressive (TAR) models as a special case. See Hansen (2011) for a survey of the history
of TAR models in Economics, and for a more detailed account of the impact of STR models on
Economics and Finance, see the review by van Dijk et al. (2002). We now formally introduce the
max test.

3.3 The Max Test

First, to fix notation, let f be the model parameter, and denote the criterion function by Q,,(9)

where n is the sample size. We are interested in testing the null hypothesis that a subvector A of

is the zero vector:
Hy: \g =0 VS. Hy : Xio # 0 for some 7.

where the dimension of A, k, is potentially large. Observe that the null hypothesis is true if and
only the largest element of A in absolute value is zero. For this reason, we base our test on the
statistic max; | ;.

The large dimension of A\ poses a problem for both estimation and inference procedures. The
max test is constructed by estimating each parameter of interest separately in smaller dimension
models, which we call parsimonious or sub-models, as each of the smaller dimension models con-

tains only a single element from the parameter of interest. Whereas the full model may contain

however, this is beyond the scope of this paper, as we seek to illustrate the effect of weak identification on the test.
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a parameter of large dimension, each parsimonious model contains only a small dimensional pa-
rameter, resulting in the need to estimate a large number of parsimonious models and combine the
results in a creative way.

This solves the estimation problem faced with a large dimensional parameter by reducing the
dimensionality in the estimation step; however, this induces the trade-off in the form of the need
to combine estimates from a large number of models into a meaningful statistic. In this manner,
the max test is able to accommodate inference on parameters of large dimension by reducing
the estimation step to many finite dimensional models. Due to this, the max test rests upon the
foundation of these carefully constructed parsimonious models, which we describe in detail in this
section.

To distinguish the sub-models from the full model, let 0(;) € O denote the vector of pa-
rameters and Q(i)yn(ﬁ(i)) denote the criterion function for the ith parsimonious model. We will be
more explicit about the construction of these parsimonious models in a moment, but for now note
that the construction of these parsimonious models results in £k different sub-models that must be
estimated, each of which contains only a single element \; from the parameter of interest, A. We

estimate each parsimonious model with

;) = argmin Q) (0)).
0€0q)

By construction of these sub-models, each parsimonious model 7 contains only a single element \;
from the vector A. We collect the relevant S\(i)’s from the estimation of each of the 1 = 1,... k
parsimonious models and form the test statistic

T, = max ’Mi),A,nW(i),nj‘(i)|

1<i<kn

where NV;) » », gives the appropriate standardization as described in section 3.4.1, W,;) ,, is a weight-
ing term that we assume is uniformly consistent for some constant W;, and k,, — k > d, where k

is allowed to be co. Since each 5\(2-) may be scaled differently, the JV;) ,, can provide the appropriate
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scaling; we will use W ,, as the inverse of the standard error.

Max tests are natural choices for high dimensional statistics in part because they do not require
inverting a potentially large or near singular covariance matrix, and they use the most informative
sample estimate from the sequence, ignoring the others as though they are zero. This method is
particularly adept at picking out non-zero values from a large dimensional object, even when only
a small number of the parameter values being tested are different from zero.

There are always trade-offs, and ignoring all but the most informative sample estimate can
result in information loss. In particular, we expect a test based on the maximum value to under-
perform relative to a test based on combining many values, such as a Wald or portmanteau, for
alternatives that involve a large number of small valued parameters as with a test for correlation in
a model with a weak but flat correlation structure. The practitioner should be cognizant of these
trade-offs when testing his or her models. For a discussion of this issue, we refer the reader to
Hansen (2005).

3.3.1 Parsimonious Models

The many smaller dimension parsimonious models form the foundation of the max test, and we
describe here the notation used in the construction and estimation of these parsimonious models.
We partition our parameter vector § = (&', )\, ')’ where we are interested in the parameter \;
specifically, recall that we test the hypothesis H, : Ao = 04, where the dimension of A, d, is
potentially large. The parameter ¢ is a vector of nuisance parameters that are present in every
parsimonious model, and ¢ is an additional vector of nuisance parameters that are tied to A and are
described later.

Since the null hypothesis is true if and only if A; ; = O for every ¢, the max test operates by es-
timating the restricted parameter ;) = (', A}, 6!) from the ith parsimoniously constructed model
with loss function Qi) (0(»)) = Q([0](:)) where [0] ) = (8',0,...,0,2;,0,...,0,;,0,...,0). That
is, the ith parsimonious model is constructed by restricting all elements \; = 0 for j # 7 and
1= 1,...,lz;where/% > dy.

The associated 5]- elements are also set equal to zero for convenience; however, this is not

criticaly as the model'does ot depend upon 0; when \; = 0. In this fashion, 0 are nuisance
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parameters that appear only when the relevant element from \ is not zero.” Hence, we simply
parameterize the parsimonious models in a way that allows an extra nuisance parameter to appear
when the parsimonious model calls for it.

Observe that the parameter J is present in every parsimonious model ¢ for every ¢ = 1,.. ., k;
however, the estimates may differ between parsimonious models. For this reason, it is important
to keep track of the estimators from each parsimonious model. We use the subscript (7) to indicate
that the parameter estimators, estimates, and (pseudo-)true values belong to parsimonious model
i.b

Since the parsimonious models are constructed by omitting variables that are not relevant when
the null hypothesis is true, there must be at least one parsimonious model that is missing a relevant
variable under the alternative. That is, the estimator from the 7th parsimonious model minimizes
the parsimonious loss function, which by definition is a restricted version of the true loss function
and may omit relevant variables when the alternative hypothesis is true; hence we cannot say in
general that the ith parsimonious estimator can consistently estimate the true parameter. Instead,
we say that the ith parsimonious estimator 9(i) = (5&.), 5\/(1.), gzi))’ estimates ;) , which may not
be equal to the relevant components of the restricted parameter [0, ;) with A; = 0 and SJ. = 0 for
every j # i. This is a well known issue (see e.g. White (1981)), and we establish conditions that
provide a valid test.

3.3.2 Max Test Framework

We demonstrate a simplified exposition of the max test with the model
Y = Big( Xy, m1) + Bag( Xy, m2) + -+ - + Bpg( Xy, mp) + €4

where Fle;| X;] = 0 and for some non-linear function g that is a non-degenerate random variable

g(Xy,m;) for every m;. When p is restricted to be small, this is the same model analyzed by Cheng

"That is, we could parameterize the parsimonious models so that all nuisance parameters are included in d(iys
however, this would involve changing the size of the parameter d(;) with every . While this may add clarity in one
dimension, we believe that it detracts from clarity in another.

$Here we mean pseudo-true in the sense of White (1981).
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(2015).

Here, we may want to test the null hypothesis Hy : A = 0, where A is a sub-vector of f3,
and k£ < p is potentially large. Two issues are evident in this simple model. First, A has a large
dimension. This is known to result in problematic estimation and inference. Second, the sub-
vector of 7 corresponding to A is not identified under the null hypothesis. For example, when

A1 = 1 = 0, my is not identified.

Table 3.1: Max Test Initial Simulations

Model Linear Non-linear Linear Non-linear

kx 1 1 20 20
Wald Test  0.04 0.14 0.22 0.85
Max Test 0.05 0.11 0.05 0.12

Max t-Test ~ 0.05 0.11 0.06 0.17

Max Test Initial Simulations - Rejection Frequencies, J = 1000, o = 0.05, n = 200, k) € {1,20}

The table above details rejection frequencies for the standard Wald and Max tests under a few
model specifications for the nominal size & = .05. The null hypothesis is Hy : A = 0; where k
is the dimension of the parameter being tested. The linear model, presented for reference, takes
9i(Xy, m) = X, and hence does not contain weakly identified parameters, but the non-linear
model does contain parameter identification failure under the null hypothesis. We make note of
the following observations. In the first column with low k) and no weak identification, we see that
neither the Wald nor the Max Test have size distortions. For the second column, a low £, is paired
with weakly identified parameters to demonstrate that both standard tests have size distortions.
Cheng (2015) corrects this issue for a Wald Test on a subset of parameters from the additive non-
linear model.

The final two columns demonstrate the influence of a large dimensional parameter on the tests.
Observe that the standard Wald test over-rejects the null hypothesis when a large dimensional
parameter is present, but the Max Test has size close to nominal; this reiterates the result in Hill
and Dennis (2018). However, both tests exhibit size distortions when the model contains a large

dimensional parameter and parametric identification failure is present. We solve these two issues
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by testing the maximum \; by using a sequence of carefully constructed smaller dimension models
and using a limiting distribution that is robust to the presence of weak identification.

The max test is built upon the foundation of these carefully constructed smaller dimension
models, which we call parsimonious models and which are defined by imposing the null hypothesis
for all but one \; at a time. For the simplified additive nonlinear model given above when we wish

to test the entire vector 3,° we construct k different parsimonious models:

Y, = Mg(Xe, m1) + vy

Y = Meg( X, i) + Uiy

where v;; = 3, Ajg(Xy, ;) + €;. Observe that under the null hypothesis, v;, = &, for every i;
hence, E[v;+|X;] = 0 for every i when the null is true. Each parsimonious model in this example
is estimated by non-linear least squares with the criterion Q;,,(6(;)) = + i, (Y — Nig(Xy, m))2.
The max test statistic is then constructed by collecting the 5\j, and calculating the appropriately
standardized maximum value
7o = max [N
1<i<k

where N; = /n in this example.

Whereas we give the example above to demonstrate the features and construction of the max
test, one of the strengths of our test is its ability to accommodate a broad class of models. In
its general form, the max test is appropriate for models estimated with M-estimators with cri-
terion of the form @, = L3>~ m,(6) which includes nonlinear least squares and maximum

likelihood. The parsimonious models are then defined by restrictions on the criterion function

That is, we let A\ = 3 and k = p in this simplified exhibition.
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Qeyn = %Z?:l m(i),t(e(i)) where
me(0y) = mt((é, 0,...,,0,... ,Sl))

Next, we briefly introduce a topic from the empirical literature and describe how this topic fits
within the max text framework. We discuss this example and others in greater detail in section 3.6.
3.3.3 Empirical Example

Studies of the effect of transaction costs on Purchasing Power Parity (PPP) suggest that ex-
change rate adjustments resemble a unit root process within a band and a stationary process outside
of that band (Taylor et al., 2001; Obstfeld and Taylor, 1997). Taylor et al. (2001) allow a smooth

transition at the boundary of the band with the Smooth Transition Auto-Regressive (STAR) model:
p p
= Bidi—j+ Y Bia—ih(v;q-a) + &
j=1 j=1
where / is the exponential transition function

h(V; i—a) = 1 — exp(—”y(qt,d)Q)

and ¢, is the demeaned log real exchange rate. Similarly, Kilic (2016) examines the first differenced

model

p
Aai = |55+ 3 87805 | hlva, Age-a) +

j=1

Two issues are illustrated with these models. First, the unknown value of d must be selected
from a potentially large number of available lags. Second, parameter identification failure occurs
when 74 = 0.

The first issue seems to imply that the assumed model is simply a restriction that many v; = 0
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in a larger model that takes the form of the model above summed over many d.

k

Aa=Y" ([&m + D" Basaes | hlva: Aqt_c») +e
j=1

d=1

where we can relax the model above by allowing 3, to represent a potentially different vector of

parameters for each d. A common null hypothesis is that of no (omitted) nonlinearity:
H() A= Ok

where ) is a sub-vector of v = (7y1,. .., V4, .- )-
Recall the parsimonious models form the foundation of the max test. Conveniently, the parsi-
monious models are already given as they are implicitly utilized within the literature. That is, for

the model studied by Kilic (2016), the parsimonious models are simply given by
p
Agi= |Bio+ D By Aas | s Ade-a) + tag
j=1

for each d = 1,..., k. Each of these models is estimated, the 5\i’s are collected, and the max test
statistic may be calculated as T = maxi<;<k |M;\z|

We expand this example and discuss additional examples in section 3.6. Next, we begin devel-
oping the theory for the max test statistic. First, we develop the limit theory for the parsimonious
estimators, and we discuss the linkage between the parameters under the null hypothesis that is
necessary to ensure that the limit theory for the max test will follow.
3.4 Assumptions and Preliminary Results
3.4.1 Limit Theory for Parsimonious Estimators

Recall that the max test is constructed as the maximum of an estimated parameter vector where
each element from the parameter vector is estimated individually from a parsimoniously con-
structed model consisting only of that element and any nuisance parameters. This implies that

if there are k elements in the parameter vector being tested, then there are k different parsimonious
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models, each omitting k: — 1 elements from the parameter vector.

Section 3.4.2 discusses the assumption needed to ensure the test is valid and consistent. This
section details the joint limit theory for the parsimonious estimators that forms the basis for infer-
ence using the max test statistic. The limit theory for the parsimonious estimators follows from
limit theory developed for M-estimation of models with mixed identification strength in sections
B.2 and B.3 in the Appendix. Cheng (2015) develops similar theory for the special case of ad-
ditive nonlinear models, and she requires correct model specification. The theory developed here
is suitable for a broader class of models and assumes correct model specification only under the
null hypothesis, a necessary requirement for the max test which is constructed from misspecified
parsimonious models.

We first describe the data and the true parameter space. We require strongly mixing station-
ary sequences and compact parameter spaces that include the point of identification failure in the

interior.

Assumption 14. The observations {W; = (Y/, X[, Z})" : t < n} are strictly stationary as are
{ec}. {Wi} is strongly mixing with mixing coefficient a(j) such that 3 77| a(7)%/C+) < oo for

some 0 > (.

For each parsimonious model 7, the estimator é(i)m minimizes the criterion function Q(i)m(ﬁ)

Quiyn 0y, W) = %Zle my (0 W) over 0 € Oy = A X A; X A; where A; collects the
parameter spaces from © that are exclusive to model i and included in the null hypothesis, A,
collects the parameter spaces that are exclusive to model ¢ but not included in the null hypothesis,
and A collects the parameter spaces for the parameters that are estimated in every model.
Additionally, for the true parameter space ©* and the optimization parameter space ©, a param-
eter vector § € ©* can be partitioned into three subvectors § = (3, (', 7’)’ where the parameters 3
and ( are always strongly identified, and the identification strength of 7 is determined by /.  does
not affect the identification of 7 or 5. For the observations {W; = (Y/, X[, Z]) : t < n}, {Z:}
are the variables associated with parameter ¢ which are not associated with § or 7. The variables

Xpare-associated-withy3-and.m but not with . For any 6 € ©*, we denote by F, the distribution
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of {WW, : t < n} and E, its expectation, where v = (0, ¢) € I' and ¢ € ®* is a possibly infinite
dimensional nuisance parameter such that the distribution is fully characterized by .

Hence, the joint estimator parameter space © = B; X --- x B, x Z x II. We require B;, Z,11
to be compact for every j and the true parameter space ©* to be contained in the interior of ©. For

example, consider the additive nonlinear regression model (Cheng, 2015)

p
Yi=CZ+ > Big(Xi,m) +e
j=1
with the null hypothesis Hy : 5; = 0Vj. Then A = Z, A; = B;, and A; = II,. If the null
hypothesis is Hy : (; = 0Vj. Then A = B x II, A; = Z;, and A =0.

Assumption 15. The true value 0" belongs to the set ©* = B} X -+ x By x Z* X II* where 5}
is compact and includes 0 for each j. 11" and Z* are compact. For any 0 € O, the distribution
of {W.} is given by F,, where v = (¢/,¢')' € T, and ¢ € ®* is an possibly infinite dimensional
nuisance parameter that fully characterizes the distribution. ®* is a compact metric space with a

metric that induces weak convergence on bivariate distributions (W, W,..,,) for every t,m > 1.

The theory developed in Andrews and Cheng (2012a) and subsequent papers utilizes a 5 € B
and 7 € II such that individual elements of 5 do not affect the identification of individual elements
of m. Their theory requires a single drifting rate for the parameter 5. Cheng (2015) extends this
theory to allow individual components of /3 to affect mutually exclusive components in 7; however,

her framework is restricted to the class of additive non-linear models.

Assumption 16. For every B; there is a I1; = ®7 TI; such that m,(0;w) does not depend upon
m; € I iff B; = 0. B; for i # j does not affect the identification of 7;. ( does not affect the

identification of 3 or m, and the identification of ( is not affected by 3 or .

This assumption requires that for every element 7; of 7, the identification status of 7; is de-
termined by one and only one element 3; from 3. This allows us to define the identification
problem precisely and build a uniform estimation theory around it. Clearly the additive nonlinear
model of Cheng (2015) satisfies this assumption. Let L be the lag operator, and consider also the
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ARMA(2,2) model

(1= (B +m)L)(1 = (B2 +m2)L)Y, = (1 —mL)(1—mL)e

written in this form to show that when 3; = 0 for some ¢ = 1,2 then a common root is present.
Specifically, one can see that whether 3; = 0 or not affects only the identification status of 7; and
does not affect the identification status of any 7; for j # i.

To allow for uniformity over v € I', all true parameters are indexed by the sample size n.

That is, the true v, = (0,,, #;,)" where 0, = (3, ¢, m,)" with 8, = (81,,,...,5,,) and 7, =

SN n
(T4 ms -+ ,)"- These parameters drift to the limiting values 6, — 6y = (5, (g, ™) € ©* and
Tn = Y0 € I
Assumption 3 requires that the identification strength of m;, 7 = 1,...,p, be determined by

the rate at which ||3;,|| converges to 0 as n — oo, with 7; being strongly identified only if
Bin — Bjo # 0. Inthe case that 5, o = 0, the speed at which 3;,, — ;¢ = 0 affects the asymptotic
analysis. In particular, when ||3;,,|| — 0 fast enough, given by case (i) below, we say the parameter
;0 1s weakly identified. In this case, the estimator 7;,, is not consistent. Hence, following Cheng

(2015), we divide the space of drifting sequences into three identification categories of 7;:
(i) Weak Identification: 3;,, — 0 with n'/23;,, — b, € R%;

(ii) Semi-Strong Identification: j3;,, — 0 with n'/?||3;,|| — oo

(iii) Strong Identification: 3;,, — B; # 0.

Observe that the case 3;,, = 0 Vn is allowed under case (i); hence this case includes non-
identification. The category (ii) of semi-strong identification is necessary for uniform results in
Cheng’s (2015) work.

Following these categorical definitions, she groups subvectors of 7 by the identification cat-
egory above and the rate of convergence to zero for subvectors in the semi-strong identification
category. This grouping allows a convenient inductive argument to be used to prove estimation
results.
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(i) All ||;,|| that have non-zero limit are put in the first group. If all ||, || have zero limits,

the first group is empty.
(ii) All ||, that are O(n~1/2) are put in the last group.

(iii) For those that converge to 0 but at a rate slower than n~'/2, members in group k converge to
0 slower than members in group %’ for any &’ > k and members in the same group converge

to O at the same rate.

The first group is associated with strong identification, the last group is associated with weak
identification, and the middle groups are associated with semi-strong identification, ordered by the
rate of convergence. Note that the group index £ is a property associated with the drifting sequence

{Bjn : n > 1}. Therefore the group index % does not change with the sample size n. See Cheng

(2015) for details.

Next, suppose there are K groups and Sy, ..., by, are the elements in group k. Let [, =
{k1, ..., kp, } denote the indices for group k. Use the subscript [, to denote a sub-vector associated
with group k:

B, = (B, - - ’5;@%)/ € R%

/ I/ dr
and ’/le:(ﬂkl,...,ﬂkpk) € R,

Bi,..» denotes the true value of 3;, when the sample size is n and /3, ( denotes its limit. In particular,
the grouping rule implies that |[3;, .|| = o(||B;,n||) for &' > k between groups and ||5; .||
converges at the same rate as ||;,|| for any j,5' € [, and k = 1,..., K — 1. In the presence of
weak identification, 3, ,, = O(n~%/2) for k = K. If all regressors are in the semi-strong or strong
identification category, then we denote [ = ().

Finally, we describe one more partition of the vectors S and 7 based on the grouping notation
above that will be used to sequentially analyze the limiting behavior of the estimators.

Consider 7(;) 5, , and denote 7(; ,- as the elements of 7 in the previous groups Iy, ..., [;_1 and
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7),k+ as the elements of 7 in the subsequent groups lj41, ..., k.
/ / !/ / / !/
T = (M. om, ) and me = (m,, .o om, )

Observe that 7 = (m,_,m ,m )", and that the identification strength of these subvectors are in
decreasing order by definition. The same notation will apply to 3, where we can note that the
subvectors in 8 = (3, _, 3] , B, )’ have smaller magnitude by definition.

It is important to note that 7, is strongly identified. All strongly identified elements of 7 are
included in this group in order to analyze them together with the strongly identified parameters /3
and (. The semi-strongly identified and weakly-identified elements of 7 are analyzed using the
sequential procedure outlined in Cheng (2015). If no elements of 7 are strongly identified, i, = ()
and 7, disappears.

We require that each parsimonious model estimation identify a pseudo-true value of the pa-

rameter ¢ in the sense of White (1981). Denote E,, as expectation taken under true parameter

7o-

Assumption 17. 1. if lx = 0, then E, (m(03;y; W) is minimized uniquely by 6y = 0,0 €
()

2. iflx # 0, then E, (my(Ygy, k-, 7@,k We)) is minimized uniquely by 1y k- = V@) k-0 €

\I/’(ki)’K, forevery m i € ;) k-

Note that 6 ;) ¢ and 1)(;) - ¢ are not, in general, equal to their true model counterparts ¢, and
Yk~ o. Further, this implies that the pseudo-true drifting sequences 6;),, and ¥ ;) k-, need not
be equal to their true model counter parts either. Together with the identification link discussed
in section 3.4.2, we are able to establish that A} = 0 for every i if and only if the null hypothesis
Hy : Ao = 0 is true, where A\* is a subvector of 0;) o or 1) k- and Ag is the corresponding
subvector from ¢, or Yk - .

Additionally, we require some technical moment conditions to establish uniform laws of large

numbersystochasticiequicontinuity, and convergence in law of our estimators.

70
www.manaraa.com



Assumption 18. For each parsimonious model i, the function m.(0);-) is measurable with
respect to o(W,), the sigma field generated by {W}, for every 0y € ©). Further, m)(6(:) is

three times continuously differentiable, and for some § > (
1. supy, co,, Brolm (0P < o0
2. supy e, im By, |[B(Ba.x-)"" Vi, o ma0n)],17 < o0
3. supg, o, im By [[B(Bu.x-)" (V3 mae(00)) B(Bu.x-) "], 0 < oo

4. supy,, co,,, im En, |[55"—vec(B(Bu,x-)"" Vi, me(00)B(Bu,x-) )], S <
(1) =) Y (4),K )

n—o0 (3),k—

00
where [A); ; denotes the i, jth element of the matrix A.

This moment assumptions are standard when dealing with strongly mixing sequences of ran-
dom variables.'® In particular, for the nonlinear additive model and ARMA model, a 2 + jth mo-
ment on m; implies slightly more than a 4th moment on {W;, ¢;}. The normalization B(S3x-)"!
is needed due to the mixed rates of convergence of the estimators of the elements of 7. Specifi-
cally, V., _my(f) can often be written in the form B(Bx-)Vy, _14(6), so this condition can be
expressed as a uniform moment condition on V, __7,(¢). For example, in the additive nonlinear

regression model with p =1

9(Xi, ) 9(Xi, )
Vi—mu(f) = — Zy ei(0) = —B(Bk-) Z e(0).
B(%g(Xtv ) 8%9()(,5,%)

A similar discussion applies to the further derivatives of m;,.
Within each parsimonious model, the consistency and asymptotic distributions of the estimators
follow from the theory developed in section B.2 in the appendix. The theory developed in the

appendix does not require the models to be correctly specified; instead, it only requires that each

10See e.g. Davidson (1994).
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misspecified model is uniquely minimized in population by some pseudo-true value. The following

lemmas and theorem then follow with only a change of notation.

Lemma 3.4.1 (Consistency for Strong Identification Groups). Suppose Assumptions 1-5 hold.

Then under v, — 7o,

sup [ (75 1) = Syl | 2 0

+ +
Ty € 1

sup |16 (1) = Byl 0
oy, €M 1

N p
sup [T (7 1) — Tl = 0

+ +
iy, 1€ (i) 1

We require some additional assumptions in order to establish consistency of the estimator for
the semi-strong identification groups. Consistency of this estimator is established with an inductive
argument that proceeds in the order of decreasing identification strength. Along each step, the more
strongly identified estimators are concentrated out and consistency is established uniformly over
the subsequent groups by use of a mean value expansion about the point of sequential identification
failure. This induces a bias that appears in the limit of the concentrated criterion function and must
be accounted for in the proof. The next assumption ensures that the term describing this bias exists

and is well behaved.

Assumption 19. i) Foreveryiandeveryk =1,... K,

)
Koy (V)b Tt T(iy ks Y0) = a5 PV m(0;))
(4),k,0

exists for every (Q(i), ’70) S G(i)»ﬁ x I'g, where H(i) = (@Zj(i),k*aﬂ-(i),lky ﬂ(i)’kjt).

ii) Foreveryiandeach k = 1,..., K, K¢ 1(0); ) is continuous at (w?i) fe s Tt Ty et 5 Y°)

uniformly over w1, , Tkt € ey, X gy p+ for every ~% € T such that 1/1?1.) .~ 1S a subvector

of Y°.
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This assumption describes how the mean of the score, E70V¢(i>,k7 my(6s)), changes as the true
B0 changes and is similar to Assumption S4 in Andrews and Cheng (2013) and Assumption
C5 in Andrews and Cheng (2012a). Cheng (2015) does not state this assumption explicitly; how-
ever, she implicitly derives and utilizes the quantity IC(l-%k(?/)(i), k= (i) 0> T(i) ket 7o) in her proof of
consistency of her estimator and its limiting distribution.

Finally, we need (sequential) limiting matrix of the second derivative of the criterion function

to be non-singular, a standard assumption in the analysis of M-estimation.
Assumption 20. For each i and k, i (H iy k(7)1 T(i) 45 Y0)) = € for some e > 0.

The next lemma provides consistency results for the estimators of the semi-strongly identified
parameters. Though the statement of the lemma is similar to that in Cheng (2015), the lemma
presented here, and in particular its counterpart in Appendix B.2, is applicable to a broader class
of models than her additive nonlinear model.

In order to facilitate the analysis, define the concentrated criterion function

~

Qr (1, Tt ) = Qu(Wr- (T, Toet ), Ty Tt )

where ¢, = (f',(’, 7, )" collects the parameters that have been concentrated out, and the true
values of these parameters are denoted with the additional subscripts 1y ,, = (3, (), 7, )’ and

Y0 = (By, €ps 7r;€,70)’ where the latter gives the limit of the drifting sequence: -, — V- 0.

Further, we use the superscript 0 notation to define

wl?:*,n = (ﬁl/c*,m ﬁlOk/7 I(c)/+7 C:w W;c*,n)/

to be the parameter vector consisting of the concentrated out parameters evaluated at the point of

sequential identification failure B& = 0 and ), = 0. See Appendix B.1 for details.

Lemma 3.4.2 (Consistency for Semi-Strong Identification Groups). Suppose Assumptions 1-7

hold. Then under v, — 7o, fork =2,... , K — 1,
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(a) the concentrated sample criterion function satisfies

186 41l (in),n(ﬂ(i),lk, Tiykt) — Q(i),n(¢?i),k—,n)>

1 B
5 —5 @m0 Oy, K@ R T 10 T k3 70) TH k(T 00 T 15 70)] !

X K(i)7k<7r(i),lk7 @)kt 70) (wéi),k,m Oil(z‘),k+ >/7 (3.1)

where wiy ko = 1My o0 By i /|186) 10| i the angle parameter

(b) the estimator of 7y, » satisfies

sup 7 @y i (T k) — Wiy teml| = 0
Ty ket €M) ot

(c) the estimator of ;) k- = (BEZ.), C(’i), W(i)yll, . vWZi),lk,l)/ satisfies

By~ (T@yet) = By
B(i),lk(ﬂ(z‘),iﬁ) - 5(i),zk,n

||5(i)7lk,n||_1 B(i),k+ (W(i),lﬁ) = 0,
Gy — Cym
B*(B6) e~ ) (T e (T e+ ) — Ty e )
uniformly over ;) 1+ € ;) p+ where
B (B - ) = diag{(La,, ooyl 1ary, Bac )

The method of proof is similar to that in Cheng (2015); in particular, it exploits an inductive
argument along the parameter grouping in order of decreasing identification strength in order to
prove consistency in a sequential manner. Part (a) relies on sequentially concentrating out the
estimator group associated with the current inductive step, a procedure that Cheng (2015) refers
to as sequential peeling of the criterion function. At each sequential step, the concentrated crite-
rion function is analyzed with a second order mean value expansion about the point of sequential
identification failure.
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Here, we use the term sequential identification failure to indicate the point in the parameter
space at which all groups of parameters with weaker identification strength than the current group
are unidentified. That is, ¥ = (B, ., B . Bis» G T, ,,) Where 37 | and 3. are both 0,
SO Q(i),n(@b?m k:*,n) does not depend upon 7, ,, or T+ ,. This is similar to an argument used in
the proof of the estimator limiting distribution for the non-mixed identification strength case in
Andrews and Cheng (2012a,b), and this argument is additionally used in establishing the limiting
distribution of the estimators here.

Use of this procedure in a sequential manner allows us to establish uniform consistency of each
of the estimators of the semi-strongly identified parameters as detailed by part (b) of the lemma,
and it also provides us with an improved rate of convergence at each step as given in part (c). These
rates of convergence will be used to establish the limiting distribution of the estimators.

The asymptotic distribution of the estimators is characterized based on two possibilities: either
(a) [k 1s not empty in which case there are weakly identified parameters, or (b) [ is empty in which
case there are no weakly identified parameters, and all parameters are consistently estimable. In
the former case, the asymptotic distribution is shown to be normal, but when we have weakly
identified parameters, the limiting distribution of the estimators is non-standard.

Recall that when [y is not empty, the last group, K, is weakly identified, so \/nf, —

b For each i, let G; (W(i)’lK;%) be a zero mean Gaussian process with covariance kernel

K*

Q) (7r(l-)7lK, T(i),lxcs 70), and define the processes

—1
@) (T a3 70) = H(n,K(W(i),zK;%)] (’Ca),K(W(z),zK;%)bm,m+g<i>(7r<i),zksvo)> (3.2)

1
X(0) (i) 15 70) = 570 (T (i) 3 Y0) [H(i),K(W(i),lK; 70)] 70y (T (a), 153 Y0) - (3.3)

The process x(;) (7, ) appears as the limiting distribution of the normalized concentrated
criterion function. Following a similar argument to that used in Lemma 3.4.2, the normalized and
centered concentrated criterion function is minimized by 7;,., so if X(;)(7(;),, ) is continuous and
uniquely minimized by some 7/, then this will provide the limiting distribution for 7;, by the

argmaxscontinuity-theeremsinvan der Vaart and Wellner (1996). We state this assumption next.
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In case (b) for which [x is empty, the second derivative of the criterion function

pr(i) (0 = Vg(i)mt(é(i)), and its normalized limit becomes

H(z’),K—l (W(i)JK_l y (), K 5 70) = H(i),K—l (%)-

Further, we show that the normalized first derivative

ZB yin) V() ZB ) " Vo mu(00) = Gwo(h0)-

where Gi) 0(70) ~ N(0, 23:),0(70))-
In order to establish the joint limiting distribution, we require that the joint process
(X (T@ux;70) © 1 < i < ky} be uniquely minimized by some vector (70 axcJimr,. > Where

lof:w is the number of parsimonious models with weakly identified parameters.

Assumption 21. Each sample path of the joint process {x)(T@)c;7) : 1 < i < kw} is a.s.

continuous and uniquely minimized by the vector [WE';) lK] i=1..._, With probability 1.

Theorem 3.4.3. Let vy,, — vy and suppose Assumptions 1-8 hold. Then

~

Yy, k- = V(i) k- n . .

7AT(i)JK — T(6),lk,0
where 3 ;) are defined point-wise in i based on the cases:

a) If [ # (), where lx indexes the weakly identified subvector of (i), then

T(3) (Wa),l;{ (b;7)) — Siy biiy,ix

36 =
70 (g 0 A (5 1 (20) = S i)

where S, is the selection matrix that selects the columns corresponding to ;) ;, , and Sty i

selects the elements of the vector 7, ,, corresponding to ;) 1, -

76
www.manaraa.com



b) if [, = (), then no parameters are weakly identified, and
3 = Heye-1(70) "' Gaye(0)

where G).0(70) ~ N (0, 2a),0(70))-

Note that we suppress the dependence of [ upon ¢ for convenience in notation, and recall that
if [k is empty, then no parameters are weakly identified, so all parameters and estimators indexed
by lx disappear and ;) k- = 0. If l(;)  is empty for every i, then the limiting distribution
{3@) 1< < k} is a Gaussian process with covariance kernel £, [3@)3’( j)]. However, the
presence of weakly identified parameters complicates this limiting distribution.

Note also that when I # (), we suppress the dependence of 3 = 3¢ (7015 (b:70)) upon
i) ixe (b, 70) in the statement of Theorem 3.4.3, as doing so simplifies the presentation of the the-
orem. The reader should note, however, that in the presence of weak identification, the limiting
distribution of the ith parsimonious estimator involves a Gaussian process evaluated at the ran-
dom variable 7(;, (b,70), which is itself a function of nuisance parameters. This differs from
the case when there are no weakly identified parameters and the limiting distribution of the ith
parsimonious estimator is a Gaussian random variable.

The point-wise in ¢ asymptotic distribution of the parsimonious estimators are described in
Theorem B.4.1 in the appendix. However, the max test combines estimators across parsimonious
models, so it is necessary that we analyze the joint limiting distribution of the parsimonious estima-
tors. Theorem 3.4.3 provides this joint asymptotic distribution. Observe that when there are both
parsimonious models with weakly identified parameters and without weakly identified parameters,
the joint limiting distribution consists of a combination of normal random variables and Gaussian

functionals of the random variables WE*Z.) 1.~ We know then from Cramér’s Theorem that the joint

limiting distribution is non-standard.

Corollary 3.4.4 (Asymptotic Distribution of Parsimonious Estimators). Suppose Assumptions 1-7
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and 9 hold. Then, under ~y,, — 7o,

where N ;) »n = Séi),/\(diag(nl/zB(i)(ﬁ(i)’Kin))’, 1i1ﬁ(_) ) and S » is the selection matrix that

1%

selects the element corresponding to \;).

For example, consider the additive nonlinear model

p
Yi=CZ+ > Bigi(Xj,m) + e

j=1

with the null hypothesis H : 3; = 0 Vj. The parsimonious models are
Y =Z+ 6i9; (X, mi) + vy

fori=1,..., k for some k >p. 0u = (¢, Bi,m)'s Ay = Bi, and Sy \ = (O;g, 1, le))’.
3.4.2 Linking the Unrestricted and Parsimonious Models

Since each parsimonious estimator minimizes a misspecified loss function, we cannot in gen-
eral show that any parsimonious estimator consistently estimates the relevant components of the
true parameter. Each parsimonious estimator is still a best predictor in some sense, and we can
say that the estimator is consistent for a pseudo-true value that minimizes the population version
of the misspecified parsimonious loss function. See White (1981) for a discussion of this issue. In
particular, the pseudo-true value 6;) ,, is not in general equal to the relevant components of the true
parameter [6,,](;). Here, we show that our conditions are sufficient to equate these two values under

the null hypothesis. We require one additional assumption that has not yet been stated.
Assumption 22. 1. iflx = 0, then E, (m(0; W,)) is minimized uniquely by 0 = 0, € ©*.

2. iflg # 0, then E, (my(Vk-,mr; Wy)) is minimized uniquely by V- = g o € Ui for

every i € llg.
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This assumption is similar to Assumption 4; however, where Assumption 4 states that the par-
simonious population criterion function is minimized uniquely by the pseudo-true parameter 6;;) o,
this assumption states that the unrestricted population criterion function is minimized uniquely by
the true parameter 6.

Recall that we partition § = (&, X', \')’ and 0 = (5Ei)’ iy 5‘/(1‘)),-

Theorem 3.4.5. Let Assumptions 4, 5, and 9 hold, and let X be a subvector of Vi -. Then Ay = Og,

if and only if A;),0 = 0 for every i, 1 < i < d,.

Together, Assumptions 4, 5, and 9 are sufficient for a similar assumption to Assumption 1
in Hill and Dennis (2018) which establishes Theorem 3.4.5 as Theorem 2.1 in Hill and Dennis
(2018). In particular, by construction of our criterion function Qyn(0) = Qi) n(0uy; We) =
%Z?:l my 1 (0y; We) and my (0y; We) = my([0]); W) where [0];) is the restricted full pa-

rameter with \; = 0 for every j # 4. It follows that

Vzb(i),K* m(l)ﬂt(g(l)) = qu(i),K7 mt([e] (Z))

for every ¢, providing the necessary link between the unrestricted and parsimonious models specif-
ically at the point where the null hypothesis holds. The result in Theorem 3.4.5 then follows from
the assumptions that both the population unrestricted and population parsimonious models are
uniquely minimized by their respective true and pseudo-true values.

Note the importance of the imposition of the particular null hypothesis that A = 0. It is this
particular hypothesis that results in the parsimonious models used in estimation. An extension of
this framework to allow a different null H, 0 : A= )\ for some \g # 0 can be considered when the
criterion function is based on a regression model. Consider the linear example y; = §' Z,+ )\ X;+<,.
Testing H, will require construction and estimation of the sequential null imposed parsimonious
models y; — N, o X it = yie = 0" Zp + N Xip + Vi

This theorem provides the convenient implication that under the null hypothesis Hy : A\g = 04, ,
d(i)0 = 0o for every i = 1,...,d,. Effectively, under the null hypothesis and when considering
only the limiting values, there are no omitted variables, so there is no omitted variable bias. Since
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we consider uniform inference over the parameter space, we allow for sequences A\, — 0 under
the null hypothesis, so that omitted variable bias may still exist under the null hypothesis in finite
samples. This theorem provides the result that under the null hypothesis there is no asymptotic
omitted variable bias. Further, consistency of our test follows since under any alternative H 4 :
Ao # 04, there is an ¢ with 1 < ¢ < d), such that A\j;) o # 0 when A is a subvector of 1.

This implication helps us establish consistency of our test when the null hypothesis only in-
volves parameters that are not weakly identified. The reader should note that when the null hypoth-
esis involves weakly identified parameters, consistency cannot be guaranteed in general. Lemma
B.6.1 illustrates this point. In order to describe the distribution of the estimators, we employ a
more convenient normalization different from that used in Lemma B.6.1; however, the principle
remains the same. In particular, this normalization, described in Theorem B.4.2, implies that when

there are weakly identified parameters (I # ()

Az’ -~ V@),K-n (@) (7 ; — Siyc b
n1/2B(ﬁ(7j),n) (1/)( )7K 1/]( ):K > ) i> ()( ('L),ZK) I Vi)l

ﬁ(i),zK ‘ ‘T(i),BK (W(z),zK ) \ \”Z}),ZK

Ignoring the parsimonious model subscript ¢ for a moment, we can see that the issue here arises

because n'/?|

| Bk .|| converges to a finite constant rather than diverging to infinity. Since B Kn — 0
at rate n'/2, n/2|| B || > |75, (7} )||, a random variable.

However, since the inability to identify any 7; is driven by a particular 3;, = 0 (by Assumption
3), the result of Theorem 3.4.5 implies that a subvector of 7(;) is weakly identified if and only if its
true model counterpart is weakly identified. Hence the distribution of the parsimonious estimator
may be used for inference.

Here we must also point out another limitation of the test; namely, our max test does not accom-
modate complex hypothesis tests. This is an interesting issue in testing with mixed identification
strength, since a test involving a complex hypothesis such as m; + 75 = 0 will be dominated by

the parameter with the weakest identification strength. Cheng (2015) addresses this issue in her

Wald test with a rotation matrix that effectively alters a complex Wald test involving parameters
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with more than one identification strength to a test involving only the parameters with the weakest
identification strength.
3.5 Max Test Limit Theory and Inference

Recall that we partition our parameter vector § = (&', \', \')’ where ¢ is a vector of nuisance
parameters, ) is an additional vector of nuisance parameters that are tied to A and are described
later, and we are interested in testing the hypothesis H, : Ay = 04, where the dimension of A, d,
is potentially large.

We test the equivalent null hypothesis that \;j = 0 for every ¢ by estimating the restricted
parameter 6; = (0', A}, X)) from the ith parsimoniously constructed model with loss function
Quyn(0@) = Qu([0]) where (0] = (5,0,...,0,X,0,...,0,);,0,...,0). That is, the ith
parsimonious model is constructed by restricting all elements \; = 0 for j # ¢andi = 1, ... ,lof
where k > d A- The associated :\j elements do not appear when \; = 0, so we set them equal to

zero without loss of generality. That is, for each ¢

9(1‘) = argmin Q(z‘),n(e(i))'
0(1y€O (v

We test the null hypothesis that a subvector A of 6 is the zero vector:
Hy : Xo = 0g, VS. Hy : N\ip # 0 for some i.

To test this hypothesis, we collect the relevant S\(i)’s and form the test statistic

A

T = max [MpaaWonho|

1<i<ky,

where /\/'(Z-% An gives the appropriate standardization as described in section 3.4.1, W;) , 18 an
additional weighting term that we assume is uniformly consistent for some constant W, and
l::n Ny > dy where k is allowed to be co. Since each 5\(1») may be scaled differently, the W, ,,
can provide the appropriate scaling; we will use W) ,, as the inverse of the standard error.

Theorem 3:4:3 paired with the CMT and a result from Hill and Dennis (2018) allow us to
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establish the following result.

Theorem 3.5.1. Let Assumptions 1-9 hold, and let 3(1-) be as in Theorem 3.4.3. Then under H,

To — max ‘Séi),AW(i)s(i)‘ 0

1<i<kn
for some non-unique k, = o(n).

Recall that, as discussed in section 3.4.2, any dependence across the parsimonious estimators
5\(7;) due to omitted variables is asymptotically negligible under H,. One strategy to derive the
asymptotic null distribution of the maximum test statistic would be to appeal to extreme value
theoretic results. This would allow us to pin down the exact limiting distribution by use of the
extremal types theorem (Gnedenko, 1943; de Haan, 1976; Leadbetter et al., 1983). Standard argu-
ments used for inference on maximum statistics rely on this method.!" However, the asymptotic
analysis of extremes of non-identically distributed Gaussian processes poses interesting statistical
challenges that are not addressed here.

Instead, we provide an inference method based on the bootstrap. Our procedure does not
require that we know the asymptotic distribution of the test statistic; valid inference only requires
that our bootstrap estimator and test statistic converge to the same distribution.

Recent work for high dimensional statistics has focused on by-passing extreme value theory
but has been limited by not allowing for dependence or residuals or by only allowing for Gaussian
approximation (Chernozhukov et al., 2013, 2017; Zhang and Cheng, 2018; Zhang and Wu, 2017).
Theory in Hill and Motegi (2018); Hill and Dennis (2018) allows for dependence under the null,
residuals, and does not require Gaussianity. Here, we side-step the extreme value theory asymp-
totics by using the approach found in Hill and Dennis (2018) paired with the wild bootstrap Wu
(1986); Liu (1988); Shao (2010, 2011a).

In practice, we do not know which parameters, if any, are weakly identified. Computation of

see e.g. Xiao and Wu (2014) for a recent treatment involving the maximum of a sequence of covariances or
Chernozhukov (2005) and Chernozhukov, Ferndndez-val, and Kaji (2017) for extreme value theory applied to quantile
regression.
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robust critical values will involve a null imposed information criteria selection (ICS) procedure.
This involves computation of critical values under both the situation where we have a consistent
estimator for 7(; and the situation for which we do not. Below, we first describe the algorithm
used to perform the bootstrap assuming that the correct identification categories are known. Then
we discuss data dependent critical value computation and the identification category selection pro-
cedures.

3.5.1 Inference

We provide two procedures for conducting inference. Both methods are based on the wild
bootstrap (Wu, 1986; Liu, 1988). The wild bootstrap is a multiplier bootstrap. Wu (1986) and Liu
(1988) detail the classic wild bootstrap for iid and non-iid sequences. Hansen (1996) allows for
adapted martingale difference sequences, and Shao (2010, 2011a) allows for dependent sequences.
Shao (2010) uses iid random draws as weights with a kernel function, but does not allow for a
truncated kernel. Shao (2011a) uses a truncated kernel function. The wild bootstrap in convenient
to use in many circumstances as it has been shown to allow for heteroskedasticity of unknown
forms (Davidson and MacKinnon, 2010).

The first procedure is designed to work for any model satisfying the assumptions of Theorem
3.5.1. It involves calculation of the sample analogues of the key quantities used to construct the
null imposed limiting distributions detailed in Theorem 3.4.3. These quantities are functions of the
true parameter 7; hence they contain nuisance parameters since 7, ¢ is not consistently estimable.
The second procedure is easier to implement but only able to accommodate a restricted class of
models, and we believe it to be valid only for strongly identified parameters. We provide only
simulation evidence for the second procedure rather than proving its validity.

We prove the validity of the procedures presented here, but we do not expect the bootstrap
to provide any second order improvements. In this sense, the bootstrap is meant to provide a
convenient method for inference. See e.g. Moreira, Porter, and Suarez (2009) for a discussion
of this issue. For both bootstrap procedures, we impose the null hypothesis following the advice
of Davidson and MacKinnon (1999, 2010), who argue that doing so will provide higher power.

Additionally, this has the benefit of reducing the dimension of the nuisance parameter space in
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many cases.
3.5.2 Conditional Simulation Based Inference

This method is a variant of a wild bootstrap that falls in-between a traditional wild bootstrap and
inference based on simulation. We call it conditional simulation based inference, as we simulate
the limiting distribution of the test statistic conditional on the data. Recall the quantities defined in

equations 3.2 and 3.3 and Theorems B.4.1 and 3.4.3.

—1
T4y (@) 15 Y0) = H(i),K(W(i),zK;’Yo)] <]C(z‘),K<7T(i),lK§ Y0)b() i + Gy (T e ’Yo))

1
X (4) (W(i),zK; 70) = —57(1') (W(i),zK; 70)/ [H(i),K(W(i),zK; 70)] T(3) (W(i),zK; 70)

~

The sample analogue of G;) (7)1, : 70) i Gy (7)1 ). Draw 2, ~ N (0, 1) and form the bootstrap

sample analogue

n

R 1 .
g?f’)(ﬂ(i),z;() = — Zt{m(i),t<¢?i) K- (@) ) T(a)dee)
Vi

n

1
_Ezm q/}(’L K- n( (i)le)aﬂ—(i),lx)}'

Use this to form the quantities

~ -1/ .
%(bis)(ﬂi),lK;’Yo,b):[Hm,K(W(i),zx)} (’Cz)K( T3 70)bax + G (T K)>

75 (i) i3 70, D) [ i,k (T | 705 (T 15 705 )

< bs 1
X[()i)(ﬂ(i),lK; Y,b) = D)

Next, compute

7Tz;)b§K (,707 b) = argmin Xl()f) (ﬂ-(i),l}( 370, b)

(), €T 1

Denote by =" weak convergence in probability on the space of uniformly bounded functions,

l, as defined in Giné and Zinn (1990).
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Lemma 3.5.2. Let the assumptions of Theorem 3.5.1 hold.

~bs *,bs
3 @ 7 ,7 Y b ’ 7 ) b . [ o . °
Tr?{)jK (’707 b)
where S(i) (70, b) is an independent copy of the process described in Theorems B.4.1 and 3.4.3.

Let S(;),» be the selection matrix that selects the element corresponding to A¢;y as described in

Corollary 3.4.4, and define

705 (750 (40, B); 70, b)
° (4) i),l 0,9); %0,
Aw(r0,b) = S [0

i)l (70, 0)

The following corollary is a direct result of the previous lemma.

Corollary 3.5.3. Let the assumptions of Theorem 3.5.1 hold.

{)O\(i)(%,b) L1<i< k} =7 {SEZ.ME@(%,Z)) L1<i< k:}

It is easy to see from the above corollary that the procedure described above will simulate the
distribution of the max statistic for fixed k. The next theorem utilizes a result in Hill and Dennis

(2018) to extend this result to allow for increasing sequences k,, = o(n).

Theorem 3.5.4. Let the assumptions of Theorem 3.5.1 hold. For some non-unique sequence of

positive integers {k,}, k, — oo and k,, = o(n),

sup [P( max |5\(i)(%,b)| < cW,) — P( max |S{i)7/\é(i)(%,b)| <ol 30

>0 1<h<kn 1<h<kn

3.5.3 Residual Multiplier Bootstrap

We present this procedure for models of the form
Y = f(X4, 24, 0) + a(Xy, Z1, 0)e:.
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We first estimate the null imposed model Q,,(#®) = L3~ m, (0?) with 6© = [0 0/, ] to
generate the estimates of the nuisance parameters 6. If elements of m, . are included in 0, then
the estimates of these elements will not be consistent. Since 7, is not a consistent estimator
of m, 0, we must consider all vectors () (m, ) € {(SK*(WK)/W/K)/ : m, € 11, }. Define
00 (m,.) = (dg-(m,.) ;> 04, ). Use this estimator to construct the null imposed residuals
&(m,.) = £,(0©(m;,.)). Imposing the null hypothesis allows the test to have power, and it has the
potential to greatly reduce the dimension of the nuisance parameter space.

Draw a multiplier sequence {z}7, ~ iid N(0,1) and generate Y;"(m,) =

(X, Z,09(m,,)) +0(Xy, Z4, 0O (m,.))E4(my,. )24, and let W () = (Y(m, ), Xy, Z4). Con-

struct and estimate the k:n models via the parsimonious loss functions

n

i\,m . ]_ Aym
Q(i)(mK) = argmin - E miy 0y W (T, ).
9)€9w "

Collect the :\7(?) (71, ) and form the bootstrapped statistic

T (m,) = max, ;. ‘J\f(i)7,\7nW(i)7n)\Z’;)(7rlK)‘. Repeat this procedure M times to generate the

M

m=1*

sequence {ﬁm(wl )

The 7, dependent a-level critical value is then ﬁ(l_a)m] (m,. ), and the associated p-value is
Po(my) = i SM I(ﬁm(mK) > 7,,). As this is a function of 7, , we consider two types of
critical values - one for benchmarking and the other for use in practice. The infeasible a-level crit-

ical value is 7,10~

Tic0) and the feasible a-level critical value is sup,, e, F0=e)m (71, )-
3.5.4 Robust Inference

In practice, we do not know if [ is empty or not. We utilize a data dependent identification
category selection procedure as described in Andrews and Cheng (2012a) and Cheng (2015) to se-
lect the elements from 7 that we believe to be not weakly identified. This Identification Category

Selection procedure cannot fully determine the group specification, but does provide less conser-

vative critical values than a procedure that does not rely on identification category selection (see
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Cheng (2015) for details). Define the ICS statistic

. . s 1/2
ICS()jm = (nﬁéi),j(x(i):j) Byl d(z‘),ﬁj)

N ~

Q(Z')’QH

-1

where XAJ(i), ; 1s the submatrix of f](i) that corresponds to /3;. Note that f](i) = H! (D)1

(i)val
is constructed assuming that [, is empty.
Let {k(;)jn : n > 1} be a sequence of constants such that ;) j,, — o0 and k() j./n"/? = 0

for every 7 and j. The weak identification group is selected as the set
liy.w =17+ 1CS0),jm < Ky jn-

The idea behind the identification category selection procedure is that the ICS statistic will
diverge to co whenever 3(;) ; is ‘large enough.” Hence, this procedure forms a pre-test in which we
reject the hypothesis of 7(;) ; being weakly identified whenever the ICS statistic is large. If the ICS
statistic is small so that we fail to reject the weak identification hypothesis on 7(;) ;, then we place
J€ lA(i% - If the our null hypothesis involves 3; = 0, then we put j € lA(i), x without selection.

3.6 Additional Examples

Here we discuss several examples that may be studied by utilizing this framework. The first
example describes how this test can be used as a test for additional omitted non-linearity by using
the additive non-linear model studied in Cheng (2015). This is related to the empirical study of
non-linear mean reversion in exchange rate dynamics that has been used as a possible explanation
for the Purchasing Power Parity Paradox. The second example describes the relationship between
weakly identified ARMA(p,q) models, the common roots problem, and weak instruments in time
series models. The third example discusses a nonlinear binary choice model. The fourth exam-
ple discusses limited information maximum likelihood estimation (LIML) of linear instrumental

variables models with many weak instruments.
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3.6.1 Testing for Nonlinearity in Exchange Rate Dynamics

Purchasing Power Parity (PPP) embodies the idea that, when expressed in the same currency
units, price levels should be equal across nations (Cassel, 1918). Variations in the real exchange
rate can be thought of as deviations from PPP. A long literature has attempted to reconcile the high
short-term volatility in real exchange rates with the slow rate at which convergence to PPP seems
to occur. This has become known as the PPP puzzle (Rogoff, 1996).

The (log) real exchange rate can be expressed as ¢ = s; — p; + pi*, where s; is the (log)
nominal exchange rate, p; is the logarithm of the domestic price level, and p;x* is the logarithm of
the foreign price level. This formulation allows one to interpret the real exchange rate as a measure
of deviation from Purchasing Power Parity. Taylor et al. (2001) and others note that studies of the
effect of transaction costs on PPP suggest that exchange rate adjustments resemble a non-linear
process in which the rate appears to be a unit root process within a band and a stationary process
outside of that band. They model real exchange rate dynamics with a model that allows a smooth
transition at the boundary of the band. In particular, they examine the STAR model (Granger and

Terasvirta, 1993)
p p
G =3 Bilag — 1)+ | DBy — )| @i a— ) + &
j=1

J=1

where {¢;} is assumed stationary and ergodic with ¢; ~ 7id(0, 0®) and the exponential transition

function

(73 Gr-a — 1) = 1 — exp(—7*(qe—a — 1)*).
Alongside the exponential transition function, the model is referred to as the ESTAR model. Sim-
ilar models, including the Logistic (LSTAR) model with transition function

-1

(Vi qr-q — ) = |1 — exp(—=¥(q—a — 1))
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have been used as specification tests for the estimated models. van Dijk et al. (2002) provide an
extensive review of smooth transition models.

Two potential issues appear in this modeling exercise. First the unknown value of d must be
selected. Second, given the non-linearity of the chosen model, parameter identification failure
may result under some situations, and in particular parameter identification failure occurs under
the null hypothesis when testing no omitted non-linearity. For the first point, Taylor et al. (2001)
provide economic intuition in favor of smaller values of the parameter d, namely that we should
not expected a long lag between a shock and the adjustment response from the exchange rate. The
second issue is handled less satisfactorily, as the modeling procedure is based on a linearization
of the non-linear model about the point of identification failure. This method addresses issues
that arise from identification failure, but as recent research indicates, this may provide a poor
approximation to the desired model (Kilic, 2016).

Further, Hill (2008) notes that the traditional method involving a truncated Taylor approxima-
tion simply “directs power toward low order polynomials” and is therefore not truly a test against
smooth transition alternatives. He draws attention to the fact that treating d as a parameter to be
estimated yields a non-standard limiting distribution, a fact that was ignored in the early literature.
Importantly, he notes that a test that only considers a finite number of conditions (e.g. a small
support for d or a finite-order polynomial approximation) can give rise to inconsistency. Francq,
Horvath, and Zakoian (2010) also examine non-standard tests that result due to the presence of nui-
sance parameters when testing for linearity against smooth transition autoregressive alternatives.

Taylor et al. (2001) follow a sequential modeling procedure similar to those suggested in
Granger and Teridsvirta (1993), Terasvirta (1994), and Eitrheim and Terésvirta (1996). Kilic (2016)
follows the specification procedure in Terdsvirta (2004) and utilizes the diagnostic tests suggested

by Eitrheim and Terdsvirta (1996) for the first differenced model

p
Ag; = [58 + Z B;quz} D (v, Agi—g) + .
i=1

89
www.manaraa.com



This class of models fits into the class of additive nonlinear models

p
ve =Y Bigi(Xj0. 7)) + ZiC + e

Jj=1

In particular, there is no need for different models for each d, as the model corresponding to a

particular d is just a restriction on a larger model:

ve= B+ > Bravi— (v vh-a) + &
j=1

d=1 j=1

P
= ZIC+ Y Bi9i(Xjam)) + &
j=1
where p = rs, Z; = (Y1—1,-..,Yi—s), and g;( X4, 7)) = y—;P(7y; y—a). Letting 1 — oo, we
can then form a test of no nonlinearity via the null hypothesis that 5 = 0 or a test of no omitted
nonlinearity with the null hypothesis that a subset of 3 is the zero vector.

Typically in this literature, v = 0 drives identification failure in 3. This parameterization may
lead to issues with inference under the framework presented here, since S = 0 would also induce
the identification failure of . We are not aware of any study of such ‘double identification failure.’
For this setup, we will require that either v > 0 or # > 0 so that only a single point of identification
failure exists.

3.6.2 Weak Identification in Time Series
Here we describe the relationship between weakly identified ARMA(p,q) models, the common

roots problem, and weak instruments in time series models.

Weak Identification and Common Roots
First, consider the ARMA(1,1) model y; = (5+7)y;—1+&;—7e;_1. Under commonly assumed
conditions, one can show that when /3 = 0, the model reduces to y; = ¢;.!> Observe that the model

can be rewritten as (1 — (3 — m)L)y; = (1 — wL)e, where L is the lag operator. When 3 = 0,

2Write (1 — (8 — m)L)y; = (1 — nL)e; and assume 7 < 1. Then the model can be written using a geometric sum
(1= B Ly = &
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the roots of both the AR and MA polynomials are 1/x. It is clear that if 5 = 0 then 7 is not
identified; this is referred to as the ‘common roots problem.” Researchers typically assume away
this problem, as it leads to non-standard asymptotic analysis.

Further, Andrews and Ploberger (1996) note that ARMA models provide parsimonious repre-
sentations of many different stationary time series, Poterba and Summers (1988) show that many
mean-reverting financial time series can be represented by ARMA models, and Taylor (2005)
shows that the ARMA model can be used to represent certain price-trend models. An issue arises
with the assumption that the time series possesses no common roots in practice, as one does not
know the data generating process that generated the data being analyzed. In particular, this is an
issue for practitioners representing financial series with ARMA models, as with many such se-
ries, we expect there to be no correlation across time due to the forces associated with arbitrage.
The no arbitrage condition manifests itself in the ARMA model as a common root, indicating that
tests based on standard asymptotic analysis may be distorted. That is, inference based on standard
asymptotics, which do not account for the distributions induced by weak or non-identified param-
eters, may tend to over-reject the null hypothesis that 5 = 0. Related issues specifically for the
ARMA(1,1) model are studied by Andrews and Ploberger (1996); Andrews, Liu, and Ploberger
(1998); Andrews and Cheng (2012a) and Dennis (2019).

In general, we can use the framework developed in this paper, in particular that developed
section B.2, to analyze the ARMA(p,q) model, thereby extending current research. Write the
ARMA(p,q) model in the form ®(L)y, = T(L)e; where ®(L) = (1 — (B1 +m)L) --- (1 — (B, +
mp)L) and T(L) = (1 —m)--- (1 — m,). For example, the ARMA(2,2) model can be written
(1= (B —m)L)(1 = (B —m)L)ys = (1 — mL)(1 — mL)e;. Assume that &, ~ iid (0,¢) and

1 — B; — m; < 1 for each . Quasi-maximum likelihood is used to estimate the model with

m() =) + (Fpyu/c)’

Note that this example could be extended in a straight forward manner to account for analysis of

ARMA models with conditional volatility.
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This is related to the issue of studying a unit root ARMA process with an MA parameter close
to —1 as studied by Schwert (1989), Davidson (2010) and the references there in. However, we do

not study unit root processes or the distribution of the ADF test statistic.
Weak Instruments

The common roots problem is related to weak instruments in time series models. Consider
the model y; = az; + ¢; where we only observe z; with error x; = z; + 7;. 2 is assumed to
follow a time series process. For clarity of exposition, we demonstrate this section assuming 2;
is ARMA(1,1): z; = (8 + 7)z_1 + e; — e, but more general models are allowed under the
framework established in section B.2.

We let ¢, and e; be correlated, but assume that ¢, and e,_; are not correlated. The idea used
to conduct inference on « is to use z;_; as an instrument for z;. When [ is close to zero in
a statistical sense,'’ the influence of z,_; on z drops to zero. Hence, the correlation between
x;—1 and z; diminishes, inducing a weak instruments problem. In particular, we can show that
Elzizi4] = o* [(%) (B+m)— 71'} which tends to 0 as 5 — 0.

Common in the literature is to assume that z; follows an AR(1) process. This amounts to the
identification restriction that 7 = 0. The weak instruments issue described above still manifests
near 5 = 0, as having both 5 = 0 and # = 0 is a special case of a common root. In general,
however, ™ need not be zero, and how relaxing this assumption will affect inference on « is not
clear and would be an interesting topic for study.

3.6.3 Nonlinear Binary Choice Model

Andrews and Cheng (2013) demonstrate that their framework is appropriate for analysis of the

nonlinear binary choice model
yi = 1(y; > 0) with yi = Bg(Xi,m) + Zi( — &

where ¢g(X;,7) € R is known up to the finite dimensional parameter 7 and estimation is carried

out via maximum likelihood under some assumption on the specification of P(y; = 1|X;, Z;) such

Be.g. B < b/+/n for some small b < oo, or technically, in terms of drifting sequences, \/n3, — b < occ.
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as a probit or logit model. Their framework allows for vector /3, but requires that all elements of
7 exhibit the same identification strength. Put another way, this requires that for a vector g = 3,
allowed to drift to zero, either all elements of [3,, drift to zero at the same rate, or the identification
strength of 7 must depend upon maxy, |3 ,,|. The latter case is not handled by their theory, and the
former case seems to be a restrictive assumption.

The framework developed in section B.2 in this paper, however, is appropriate for analysis
of the nonlinear binary choice model when the elements of 7 are allowed to exhibit different
identification strengths. This is a relaxation of the assumption mentioned in the previous paragraph.

In particular, the theory developed here is appropriate for models of the form
p
yi = 1y; > 0) with Yy = Zﬁjgj(Xj,iﬂTj) +Zi¢ — &
j=1

Observe that estimation and inference, allowing for mixed identification strength, for the model y;
is covered by the theory in Cheng (2015). However, her theory is only appropriate for the additive
nonlinear model estimated by least squares; hence it does not apply to estimation and inference for
the model given jointly by y; and ¥/, and in particular, y; is usually not observed for this class of
models.

3.6.4 Linear IV Model

Andrews and Cheng (2012a,b) demonstrate that the linear instrumental variable model
Yri = Yo + Uy, Yoi = Zif 4+ v}

fits within their framework when estimated via limited information maximum likelihood (LIML).
In particular, the reduced form equations vy, ; — 7 - Z; 3 + u; and y, ; — Z 3 +v; with u; = u} 4+ mv;,

v; = v}, and (u;,v;) ~ N(0,Y) are estimated with the likelihood function

n

Qu6) =log V] + S <i(,m)Y ei(3,m)

=1
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ya—m-Zig) N . . .
where (8, 7) = . Similarly to the discussion for the nonlinear binary choice

Yo, — Zi
model, their theory only accommodates a single endogenous covariate in this setup, as they do

not allow for mixed identification strength in 7. The theory developed in this paper, however, can
be used to analyze models in this setup with more that one endogenous covariate.!* Consider the

structural model

* / !
Yi = T1,T1 + To;mo + U;, T1; = ZLiﬁl + v, To; = 2271'52 + ;.

The reduced form equations are

! ! /! !
Yi = Z1 1T + Zy i Bama + wi, T = 2y, + v To; = Zy P2+ mi

where u; = v;m +n;Ty+u], and similarly we can assume (u;, v;,7;) ~ N(0,Y"). LIML estimation
of instrumental variables models with weak instruments has been studied by Bound, Jaeger, and
Baker (1996), Staiger and Stock (1997), Moreira (2003), Andrews, Moreira, and Stock (2006),
Chao and Swanson (2007) and many others.

In addition to not allowing mixed identification strength (Andrews and Cheng, 2012a, 2013,
2014) and restricting the class of allowable models (Cheng, 2015), previous results for identifi-
cation robust inference do not consider high dimensional parameters or max tests. In contrast,
our theory allows for testing a large dimensional parameter by estimation of many parsimoniously
constructed models and a test on the maximum of the sequence of estimators attained from the
estimation.

Inference in models with many parameters is typically conducted with an imposed sparsity
assumption by forcing a large number of the parameters to be equal to zero with a penalized es-

timator such as LASSO (Tibshirani, 1996) in a way that precludes inference on those parameters.

14 Andrews and Stock (2007) note that the most important case in empirical applications involves only a single right
hand side endogenous covariate; however, this does not mean that the ability to analyze a system with more than one
endogenous covariate is not important.
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As a result, valid inference can only be conducted on the remaining non-zero parameters in many
cases. Recent work focusing on this inference issue has relied on ‘desparsification’ (van de Geer
et al., 2014; Caner and Kock, 2018; Dezeure, Biithimann, and Zhang, 2017) or ‘debiasing’ (Belloni
et al., 2014b; Wooldridge and Zhu, ming) the LASSO estimator; however, using these procedures
to conduct inference when some parameters are weakly identified has not been studied. In particu-
lar, one of the nice features of the LASSO is that it is a convex relaxation of a nonconvex problem;
however, this convexity is not guaranteed when operating on nonlinear models.

Further, the LASSO sets exactly equal to zero any parameter that cannot be statistically dis-
tinguished from zero. Belloni et al. (2016), Leeb and Pétscher (2008) and Pétscher (2009) note
that this can be problematic for conducting inference with approximately sparse models that in-
clude both variables with small but nonzero coefficients and strong predictors, since the LASSO
will exclude the variables with small coefficients, which the authors note, can lead to omitted vari-
able bias and irregular sampling behavior. Our approach differs in that we estimate a collection
of parsimonious models by considering each parameter in turn and evaluating the maximum of
the estimated values, thereby allowing inference on all parameters (Ghysels et al., 2016a; Hill and
Dennis, 2018; Ghysels, Hill, and Motegi, ming).

In general, we may have a desire to test a large subset of our parameters based on economic
reasoning or functional form. For example, Belloni et al. (2014b,a) perform a follow-up study
regarding the effect of legalized abortion on crime (Donohue and Levitt, 2001, 2008; Foote and
Goetz, 2008) in which they examine inference on treatment after selection amongst a high dimen-
sional set of controls. They include a large set of controls that allows for flexible trends that vary
with state-level characteristics. In particular, they alter the baseline model of Donohue and Levitt
(2001) to include 284 variables'? that allow for a “cubic trend for the level of the crime rate and
abortion rate which is allowed to depend on observed state-level characteristics.” The data set con-

sists of only 600 observations, and they illustrate the poor performance of OLS due to the large

S“the levels, differences, initial level, initial difference, and within-state average of the eight state-specific time-

varying observables, the initial level and initial difference of the abortion rate relevant for crime type, quadratics in
each of the preceding variables, interactions of all the aforementioned variables with ¢ and ¢2, and the main effects ¢
and t2
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number of covariates relative to observations.

Their LASSO-double-selection method suggests that 1) results based on a small set of intu-
itively selected controls differ from results obtained through formal variable selection and ii) ac-
counting for nonlinear trends in the data affects the results, as well. Based on this discrepancy
between results based on formal selection and intuitive selection, we can use the framework devel-
oped in this paper to examine whether the group of intuitively or economically relevant controls
is relevant for the regression. Alternatively, we can use the max test to construct a test of the rel-
evance of the controls added for fidelity, such as the group of all interactions of variables that are
meant to allow for a more flexible functional form.

For simplicity of exposition, consider the model with one endogenous covariate

Yy = o + Zw + uy, = Z,6+ v}

where 5 € R% with ds = o(n) and ¢ is used for the observation to avoid confusion with the
parsimonious model index below. Here we wish to test the relevance of a potentially large subset
of instruments, so the null hypothesis is Hy : (35, w5)" = 0 for some subvector /35 of 8 = (31, 55)’

and similarly for w,. The reduced form parsimonious models are

Yr = 21, (B + wi) + Zy  (Boam + wai) + wi, Ty = 2y 1+ Zo i Bai + vig

In its simplest form, Z; will be empty (/5 = 0), so each parsimonious model will have exactly one
exogenous covariate, Zs ;.

This is related to the literature that studies estimation and testing with many weak instruments
(Bekker, 1994; Bekker and Kleibergen, 2003; Chao and Swanson, 2005; Chamberlain and Im-
bens, 2004; Andrews and Stock, 2007; Hansen, Hausman, and Newey, 2012; Hausman, Newey,
Woutersen, Chao, and Swanson, 2012) and many others. In particular, Andrews and Stock (2007)
examine the properties of certain tests and discuss the rate condition, k* /n — 0 needed for correct

asymptotic size.
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3.7 Monte Carlo Simulations

We consider the additive non-linear model

dg

Yi=(Z + Zﬂjg(Xj,tﬂTj) + &t
j=1

where

—1
9( X, ) = |1 —exp(—m;1(Xj — m)2))

For computational simplicity we fix 7;; = 10 and only estimate 7; . We consider 3 data generating

processes:

1) Independent regressors: X, Z;,, €, ~ iid N(0,1). Under this DGP, Z; L X;, X; L &, and
Zt L Et.

2) Block-wise Independent, Correlated Regressors: X; ~ N(0g44,%:), Z; ~ N(0g4;,%.), but
Zt 1 Xt' Ep lld N(O, ]_)

3) Correlated Regressors: (X{, Z;)" ~ N (0414, %). € ~ iid N(0,1).

Without loss of generality, we set d. = 2 where the first element corresponds to a constant.
For each DGP, we consider n = 100,500 and the scenarios 8; € {0,b1/y/n,b1} for by = 1.
Additionally, we consider d € {1, 10,20, 5y/n} and k,, € {1,10,20,5+/n} for k,, < d,.

We will test if a subvector of 3 is different from zero. Again without loss of generality, we test
the subvector A = (Bs, ..., B4 ﬁ)’ . Hence the parsimonious models are constructed and estimated

as
Y =(Z 4 B19(Xae, m) + Aoy 9( Xy e, @) + Viiy -

We consider the following hypotheses:

1) Hy: A=0
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2) Local Alternative Hy : Ay = ba/+/n, by € {1,2,5,10}, \; = 0 for every j > 1.
3) Hy: Ay =1, \; = Oforevery j > 1.

The parsimonious models are estimated via least squares:

n(00) = Zy(z)t @)

Vit (0w) =Y = (' Zy — Prg(Xue, m1) — Miyg(Xiiye, 1(i))-

This gives the gradient and hessian of the criterion function:

Vo, me(0)) = 2v6)4(006)) Vo, Vi), (01i))

and

Vi Mt (06) = 206),4(00) Vi, Yo (0)) + 2V o vy, (0)) Vo, Vi) (0

where
[z )
g(Xl,ta )
Voo v (0a) = 9( Xy, 7))
Br32=9(X14,m1)
s (X m0)
and

Vi Vit (0)) =
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0 0 0 0 0
0 0 0 72-g( X1, m1) 0
— o 0 0 0 e 90X (o) 7(0)
0 52-9(X14,m) 0 ﬁla%la%/lg(Xl,t,m) 0
0 0 e 9(X i) 0 m(0)) 0 AGi) a%(i)a%zi)g(x(i),ta (i)

1
and m) 1 (00)) = V@) (0))? 9(Xje, m5) = [1 —exp(—mj1(Xje — 7%2))}

a -2
8_9(XJ ) = [1 — exp(—m;1(Xj: — Wj,z))] [exp(—fj,l(Xj,t - 7%2)} T
Ly
and
a a -3 2
a_ma_@g(Xj’t’ﬂj) =2 [1 —exp(—mj1(Xjr — 7@72))} [GXP(—Wj,l(Xm - 7Tj72)] T

-2
+ [1 —exp(—mj1( X — Wj,Q))} [GXP(—Wj,l(Xj,t - 7Tj12)] L

since we fix m;; = 10. Note that under the null hypothesis

Z v% (@)t Z Ve( i) 9(1 v9 (e(i))/ + Op,m(iy, ik (1)

When [ is not empty, we have

Ki (011003 70) = Eao Vo, Vi, (00)) Vo, Vo).t (Vi) Tii i 0) S5,

where, for example, Vo, vy (V). Ty 10)'Sh - = 9(X(iy s Tay.0) When gy i = {2}

The following table shows rejection frequencies for the Wald, Max, and Max-t tests using
various inference procedures as described. The standard inference method is labeled standard, the
two inference procedures discussed in this paper are labeled BS/ and BS2, and Taylor denotes the
respective tests conducted on the model linearized with a first order Taylor expansion. Here, we

present results only for the second data generating process with block-wise independent, correlated
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regressors, as the others yield similar results.

Table 3.2: Max Test Simulations - Additive Nonlinear Model under the Null Hypothesis

kam =1 kan = 20
by o 1 2 5 10 140 1 2 5 10 14
Wald Test Standard | 0.11 0.12 0.12 0.13 0.12 0.12 ] 083 0.84 083 083 0.84 0.84
Max Test Standard | 0.10 0.10 0.10 0.10 0.10 0.10 [ 0.12 0.11 0.1 0.11 0.11 0.11
Max t-Test Standard | 0.1 0.12 0.1 0.11 0.11 0.11]0.19 019 019 0.19 020 0.20
Wald Test BST | 0.06 0.06 0.06 006 0.06 0.06 | 0.68 068 067 068 069 0.69
Max Test BS1 | 0.04 0.04 004 004 004 004003 003 003 003 003 0.03
Max t-Test BS1 | 0.06 0.06 006 006 006 006|013 012 013 0.13 013 0.13
Wald Test BS2 | 0.06 0.06 0.06 006 0.06 006|025 026 026 026 025 025
Max Test BS2 | 0.05 0.05 0.05 005 005 005|004 004 004 004 004 0.04
Max t-Test BS2 | 0.06 0.06 006 0.06 006 006 |0.08 008 008 008 008 0.09
Wald Test Taylor | 0.09 0.09 0.09 0.09 009 009|052 052 052 052 052 052
Max Test Taylor | 0.60 0.60 0.60 0.60 0.60 0.60 | 0.99 099 099 099 099 0.99
Max t-Test Taylor | 0.09 0.09 0.9 009 009 009 |0.16 016 0.6 0.16 0.16 0.16

Rejection Frequencies, Experiment: 1, DGP: 2, Hyp: Null, n = 200, J = 10000, o = 0.05

The Wald tests listed as BS1 and BS2 are the bootstrapped variants of Cheng’s (2015) Wald test,
and the comparison between these tests and the standard Wald test for the columns corresponding
to ky, = 1 tell the same story that Cheng (2015) tells in her paper. That is, the standard Wald test
exhibits size distortions when weak identification is present, and accounting for weak identification
adjusts the size of the test. The Max test variants also illustrate this same story.

This table further illustrates the effect of the combination of weak identification and a parameter
of large dimension on inference. When a large dimensional parameter is introduced, the Wald test
begins to exhibit considerable size distortions. This is true even for the Wald tests that account for
weak identification. The Max test, however, is able to accommodate testing the large dimensional
parameter with a much lower, if any, size distortion.

Since weak identification is an issue with nonlinear models, we linearize these models with
a first order Taylor expansion and test the corresponding parameters of interest in the linearized
model. The rows, labeled Taylor, at the bottom of the table give the results for these tests. In the
low dimensional model, the rejection frequencies indicate that the linearized tests do not alleviate

the size distortionsinduced:bysweak identification to the same degree as the tests that accommodate
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weak identification using the true model. We do not explore reasons for this, but we suspect that
the first order expansion does not provide an adequate approximation to the true model. It would be
interesting to examine if a higher order Taylor expansion paired with the Max test would provide
an adequate work around for this issue,'® but this is beyond the scope of this paper, so we leave it
for future research.

The histograms shown below provide the simulated distribution of the test statistics for the case
[B1 = 1. These histograms illustrate the story told above. In particular, it is evident that the standard
tests are not able replicate the tail behavior of the test statistic when weak identification is present
and the parameter dimension is large. The max test variants, however, are able to provide a much
closer approximation to the tail behavior. Further, the final two tables demonstrate that the tests
have non-trivial power against the local alternative design and power approaching one against the

alternative hypothesis design.
Figure 3.1: Empirical Distribution of the Max Test

Tests: Non-Linear Model, Null Hyp, k, =1

Wald Standard Max Standard 02 Max-t Standard
0.5 I
0.1 01
0 0 0
0 5 10 15 20 0 1 2 3 4 6 0 1 2 3 4
Wald BS1 Max BS1 Max-t BS1
0.5 0.2
L - L L
0.1
0.05
0 0 0
0 5 10 15 20 0 1 2 3 4 5 0 1 2 3 4
05 Wald BS2 Max BS2 Max-t BS2
' 0.1
0.1
0.05
0 0 0
1

5 6 0
0.2

5 10 15 20 2 3 4 2 3
Wald Linearized Max Linearized Max-t Linearized

0.4 1

16Thanks to Eric Ghysels and Valentin Verdier for this suggestion.
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Figure 3.2: Empirical Distribution of the Max Test

Tests: Non-Linear Model, Null Hyp, k/\ n=20

Wald Standard Max Standard 0z Max-t Standard
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60 80 3 4
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1

0.02
0.01 05
0 0

Table 3.3: Max Test Simulations - Additive Nonlinear Model under the Local Alternative Hypoth-
esis

kxn =1 kxn =20

by | 0 1 2 5 10 14 ] 0 1 2 5 10 14

Wald Test Standard | 0.21 022 020 0.22 021 021|091 091 090 091 091 091
Max Test Standard | 0.19 0.20 0.20 020 0.19 0.19 | 025 0.25 025 026 025 0.25
Max t-Test Standard | 0.20 0.20 021 021 0.20 0.21 [ 0.50 0.50 0.51 0.50 0.50 0.50
Wald Test BS1 0.12 0.12 012 0.12 0.12 0.12]0.81 0.80 0.79 080 0.80 0.80

Max Test BS1 0.09 0.09 0.09 0.09 0.09 0.09 009 009 0.09 0.09 0.09 0.10

Max t-Test BS1 | 0.12 0.12 0.12 0.12 0.12 0.12 | 042 042 042 043 043 043

Wald Test BS2 0.13 0.13 0.13 0.13 0.13 0.13]039 039 039 039 039 0.39

Max Test BS2 0.11 011 0.12 0.12 0.12 0.11|0.11 010 0.11 0.11 0.11 0.11

Max t-Test BS2 | 0.13 0.13 0.13 0.13 0.13 0.13| 034 033 0.33 033 033 0.33

Wald Test Taylor | 0.15 0.15 0.15 0.15 0.15 0.15] 061 061 0.61 0.61 0.61 0.6l
Max Test Taylor | 0.71 0.71 0.71 0.71 0.71 0.71 | 1.00 1.00 1.00 1.00 1.00 1.00
Max t-Test Taylor | 0.15 0.15 0.15 0.15 0.15 0.15|0.37 037 037 037 037 037

Rejection Frequencies, Experiment: 1, DGP: 2, Hyp: Local Alternative, n = 200, J = 10000, oo = 0.05.
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Table 3.4: Max Test Simulations - Additive Nonlinear Model under the Alternative Hypothesis

kan =1 kan = 20

by o 1 2 5 10 140 1 2 5 10 14
Wald Test Standard | 1.00 1.00 1.00 1.00 1.00 1.00 | 1.00 1.00 1.00 1.00 1.00 1.00
Max Test Standard | 1.00 1.00 1.00 1.00 1.00 1.00 | 1.00 1.00 1.00 1.00 1.00 1.00
Max t-Test Standard | 1.00 1.00 1.00 1.00 1.00 1.00 | 1.00 1.00 1.00 1.00 1.00 1.00
Wald Test BST | 1.00 1.00 1.00 1.00 1.00 1.00|1.00 1.00 1.00 100 1.00 1.00
Max TestBS1 | 1.00 1.00 1.00 1.00 1.00 1.00 | 1.00 1.00 1.00 1.00 1.00 1.00
Max t-Test BS1 [ 1.00 1.00 1.00 1.00 1.00 1.00 | 1.00 1.00 1.00 1.00 1.00 1.00
Wald Test BS2 | 1.00 1.00 1.00 1.00 1.00 1.00|1.00 1.00 1.00 1.00 1.00 1.00
Max TestBS2 | 1.00 1.00 1.00 1.00 1.00 1.00 | 1.00 1.00 1.00 1.00 1.00 1.00
Max t-Test BS2 | 1.00 1.00 1.00 1.00 1.00 1.00 | 1.00 1.00 1.00 1.00 1.00 1.00
Wald Test Taylor | 1.00 1.00 1.00 1.00 1.00 1.00 | .00 1.00 1.00 1.00 1.00 1.00
Max Test Taylor | 1.00 1.00 1.00 1.00 1.00 1.00 | 1.00 1.00 1.00 1.00 1.00 1.00
Max t-Test Taylor | 1.00 1.00 1.00 1.00 1.00 1.00| 1.00 1.00 1.00 1.00 1.00 1.00

Rejection Frequencies, Experiment: 1, DGP: 2, Hyp: Alternative, n = 200, J = 10000, o = 0.05.

Table 3.5: Max Test Simulations - Additive Nonlinear Model

Hyp: Null  Hyp: Local Alt
b1 0 22 0 22

Wald Test Standard | 0.99 0.99 | 1.00 1.00
Max Test Standard | 0.12 0.11 | 0.37 0.37
Max t-Test Standard | 0.17 0.17 | 0.70 0.70
Wald Test BS1 0.90 0.90 | 0.96 0.96
Max Test BS1 0.04 0.04 | 0.17 0.17
Max t-Test BS1 0.09 0.09 | 0.59 0.59
Wald Test BS2 043 043 ] 0.62 0.62
Max Test BS2 0.04 0.04 | 0.19 0.19
Max t-Test BS2 0.07 0.08 | 0.55 0.55
Wald Test Taylor 0.78 0.78 | 0.86 0.86
Max Test Taylor 0.40 040 | 0.76 0.76
Max t-Test Taylor | 0.12 0.12 | 0.58 0.58

Rejection Frequencies, Experiment: 1, DGP: 2, n = 500, J = 10000, o = 0.05, k ,, = 50.

3.8 Conclusion

Traditional Inference is distorted in the presence of large dimensional parameters and param-
eter identification failure. Previous work addresses these issues in isolation, but some economic
questions require considering both of these issues jointly. We provide a testing framework that ac-
commodates a large dimensional parameter when some of the parameter elements may be weakly
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identified. The procedure is based on the maximum estimate in absolute value taken from a se-
quence of parameters that are estimated from carefully constructed sub-models and is implemented
with a Gaussian multiplier bootstrap. Each sub-model is constructed by including one element
from the parameter of interest. The test statistic is then formed from the maximum value of the
estimates of the parameters of interest across these sub-models.

Simulations indicate that tests ignoring identification failure tend to over-reject the null hy-
pothesis when the dimension of the parameter being tested is large, while the testing procedure
that is designed to accommodate identification failure tends to control these rejection frequencies.
Further, this testing procedure is able to reproduce existing results for the Wald test under weak
identification when the dimension of the parameter being tested is small. Additionally, the Wald
test of Cheng (2015), though designed to accommodate weakly identified parameters, tends to
over-reject the null hypothesis when the dimension of the parameter being tested is large. How-
ever, the testing procedure presented here, based on the maximum estimated value, tends to better
control empirical size in the presence of weak identification when the dimension of the parameter

being tested is large.
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APPENDIX A
APPENDIX FOR TESTING WHITE NOISE WHEN SOME PARAMETERS MAY BE
WEAKLY IDENTIFIED

A.1 Appendix: Proofs of Main Results
A.1.1 Appendix: Proof of Lemma 2.3.1
Lemma. 2.3.1. Let Assumptions 3 - 11 hold. For some non-unique sequence of positive integers

{L,} with L,, — oo and L,, = o(n),

(a) under {v,} € I'(7,0,b) with ||b]| < oo,

max sup(v/n|pn(h; ) — p(h)|) — max sup(|Z}(h,m)|)

1<h<Ln merr 1<h<Ln mell

< max sup(|vn(pa(h; 7) — p(h)) = 2 (h, 7)[) = 0.

T 1<h<Ln zern
(b) under {~,} € I'(70, 00, wp),

max (vnlpa(h)=p(h)])= max (IZ7(h)))] < max (|vn(pa(h)—p(h))=Z5(h)]) = 0.

1<h<Ln 1<h<Ln,  1<h<L,

Proof. Recall
rO(h) = S5t = Eleigin] = D°(h)' T~ (0)m{
t Elef]

. 5t(¢0,n7 77)5t—h(¢0,n7 77) - E[5t€t—h] - D(h; W)/HEI(W; ’)’O)Tnf(llfo,m 7T)
B Ele]] '

ry " (h, )

Define under strong and weak identification, respectively, zZ(h) = r?(h) — p(h)r?(0) and

" (hym) = )" (hyw) — p(h)r{ ™ (0, 7).
Define Z)(h) = —= 31, 2/ (h) and Z¥'(h,m) = =371, 2" (hy ).

n n

Claim (a). We will prove for each h

1
—= 20 (h, )| S 0. (A1)
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The claim will then follow from Lemma A.2 in Hill and Motegi (2018).

First observe that by Lemma A.2.4(a), for h > 0,

\F(l > [euln(m) M)z (Wn(7), )] = Eleiern))

t=1+h

A EELE)

t=1+h

+ (H W) j{j7nt (t0m, ™)) Dalh, )

+ VAE,, |t Tzt 7) = i | + 0pm (1)

Next, define R,(h,dn(m),m) = L300 [le(¥n(n), m)ern(thn(n),7)] and R(h) =

E(e&_1), and observe

_ n(Rn(hM/;n(W),W) o R(h))
R,(0) R(0)
- YlBalbin(m) ) “RA)) RO (120 0, (), ) — R(0
S S AeE T V0. 6). )~ RO)
_ \/E(Rn(h’w;%((,];)), 7T) — R(h)) (1 + Oer(l))
- g&g@ V(0. 6a(m), 7) = R(0)(1 + 0,2(1))
_ (Ln > h,ﬂ;ﬂ,n(h,ﬁ))(1+opm(1 (\/_ Eljh 0,7m)) (1 + 05(1))
= (= 2 [ hom) = p()r(0,m)]) (1 + 0e(1)
== 3 [ m) — )0, m)] + 0y (1)

where the last equality follows from Theorem 17.5 in Davidson (1994) and Theorem 1.6 in

McLeish (1975).
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Claim (b). We will prove for each h

X, (h) = |[Vn(pn(h) — Z Z(h)] & 0. (A2)

t 1+h

The claim will then follow from Lemma A.2 in Hill and Motegi (2018).

First observe that by Lemma A.2.4(b), for h > 0,

( th ) BB DA(R) + 0y(1)

D3 (etsth—E[etst o [ 0l (6] BT (B)DAR)) + 0y(1)

t=1+h

Next, define R, (h) = 1 Z?:Hh[st(én)st_h(én)] and R(h) = E(eie—p), and observe

\/ﬁ(ﬁn(h) - p(h))
_ g Balh) R
=V(% 0 " RO)
_ Va(R.(h) = R(h)  R(h) (B (0) —
_ %0 B RO Vn(R,(0) — R(0))
B \/ﬁ(Rngz()O)— B0 (1 4 o1)) — g((él))z ViR, (0) = R(0))(1+ 0,(1))
= (= 3 W) 1t 0,(1) o) (= 3 A0) 1+ 0,(1)
1 u 0 (7
= (= X [0 = ()t 0)] ) (1 + 0,(1)
= Ln [rf(h) - p(h)rf(O)] +op(1)
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McLeish (1975).

A.1.2 Appendix: Lemma A.1.2

Lemma A.1.2. (a) Let Assumptions 3, 7, 8, 1, 4(i), 5, 9, and 11(i) hold, and let {7, } € I'(7,0,b)
with ||b|| < oo. Let {Z¥(h,m) : h € N,m € II} be a Gaussian process with mean
lim 22%"(h, ) < oo and variance lim + 37", | E[z1¥"(h, )z D" (h, )] < oo and co-

n—oo n—o0

variance kernel lim * e ey Bl (h,T) 2" (h, 7). Then for some non-unique se-
n—0o

quence of positive integers {L,,} with L,, — oo and L,, = o(n),

max |Z¥(h,7,)| — max |[Z¥(h, 7 (b, ))|

1<h<Ln 1<h<L,
< ¥ Y(h, " 5 0.
 ax |27 (h,7tn) — ZY(h, 7 (b,70))] — 0
(b) Let Assumptions 3, 7, 8, 2, 4(ii), 6, 10, and 11(ii) hold, and let {v,} €
['(y0,00,wp). Let {Z°(h) : h € N} be a zero mean Gaussian process with variance
lim 128t L E[22(h)2{(h)] < oo and covariance kernel hm 128t L E[29(h)20 (h)]. Then

n—o0

for some non-unique sequence of positive integers {L,,} with L,, — oo and L,, = o(n),

max |[Z%(h)| — max |Z%(h)|| < max [2%(h) — Z%(h)| & 0.

1<h<Lln 1<h<Lln, 1<h<Ln,

Proof. The proof of claim (b) follows similarly to the proof of Lemma 2.2 in Hill and Motegi
(2018). For part (a), recall that 7*(b, o) in (a) is a random variable, so the proof of claim (a)
requires more steps. First, we must prove weak convergence; then, we must show joint convergence

of 7, and Z¥(h, ).

(a) We prove for each £ € N

(Z¥(h,m): 1<h< L mell}={2Yhm): 1<h<L mecll} (A.3)
{Z0(h7,) 1<h< LY S {2Yh, ) 1< h< L} (A4)
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In the first step, we establish weak convergence over h and 7; this involves the finite dimen-
sional convergence and stochastic equicontinuity of Z¥(h, 7). The second step then will follow
from the joint convergence of @n and 7,,. We first split Z¥ into a mean zero component and a
component that converges in probability uniformly over II.

Recall that 2" (h, 7) = r/""(h, ) — p(h)r!™(0,7) and

. 6t(¢0,n77)5t—h(¢0,n,77) — Elesgin] — D(h, W)/HEI(W;%)W?(%W )
B Elef] '

ri " (h, )
Observe that by the mean value theorem, for some 7, such that |3, — .|| < [|70,n — Vnll>

my (Yo, ™) = myf (Yo, ®) — En, [m (Yo, )] + Es, [mi (0,0, 7)]

=} (Yo, 1) = En [ (o0, )] + Eng [m) (Y0, )]

0
+ ﬂna—BEfyn [mf) (on,m ﬂ—)]

— (Yo 1) — o [ (s )] + ﬁna%E% (Yo ).

Further, add and subtract ;¢;_,, and observe

_ Et€i-h — Eleies—s)] D(h, W)/Hil(m %) (m;/; (¢0,na ) — E,, [mép (1/’0,m 77)])

P,n

r. (h,m —

) BE] BEY

i 5t(¢0,n7 W)gtfh(@bo,n) 7T) — Et€t—h
Elef]
D(h, 7) H " (m:%0) (Ba 5 Esu [mi’ (Wo,0,m)])
Elef]
— rt1’¢’"(h, )+ rf’¢’"(h, )

w) H=(m; mip o) —Eqy, mg’ T n
where 77 (B, ) = am_h;g?tst_h]_p(h, ) H (m0) gp{zg ] I A )) 4r 2 () =
Et(wo,n,W)Et—h(w07n777)—€t€t_h _ lD(hVﬂ-)/Hil(”r;’yo) (Bn%E’?n [m?(wo,nvﬂ-)])

Ele?] Ele?] )

Fori = 1,2, define 2" (h, w) = ri"*"(h, ) — p(h)ri""™(0,7), and observe that =" (h, ) =

20" (hy ) + 200" (hy ).
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Now define Zi¥(h, 7r) = f S n 2 (hyw) for i = 1,2. We show that Z1¥(h, ) con-
verges weakly to a Gaussian process and Z2¥(h, ) converges uniformly in probability to a mean
component.

Let £, K € N be arbitrary, and take [\;]5_, = A € R* and a € R¥ with '\ = 1 and d’a = 1.

Take {m, ..., 7} € [I®%, and observe
L K | LK n
3 M) = =303 a3 )
h=1 k=1 "=t k= t=1+h
| LK
:—ZZ hakz,zt hﬂ'k +h§t§n)
Vn e =
1 n L K
=—=> 3 Mgz V(b m)1(1+h <t < n)
Vi SIS
1 . 1,9,n
=0 Z()‘ ® a)/ZtEK
U=
where ztlglz = [Z""(h,m)1(1 + h < t < n)]u.c. Next, define the quantity

?(N\a) = B(Xr S, )\hakZ}va(h,wk))z. We must show \/%52::1()‘ ® a)’ztlg’}é 4
N(0,lim,, .o 0%()\, a)). Then finite dimensional convergence follows from the Cramér-Wold the-
orem.

Next, by Theorems 17.8 and 17.9 in Davidson (1994), (A ® a)’ ztl g’ . 1s mean zero, station-
ary, L,-bounded for some p > 2, and L,-NED with size —1/2 on an a-mixing base with decay
rate O(h~?/(P=2=), Thus, 02()\,a) = O(1) by McLeish (1975), and \/Lﬁ Yo (A® )’ztlgﬁ —
N(0,lim,, .o, 0%()\, a)) by Theorem 2 in de Jong (1997). This established finite dimensional con-
vergence.

Next, we show uniform convergence in probability of Z2¥(h, ;). Then we show stochastic
equicontinuity of Z¥(h, 7).

Recall Z2¥(h,7r) = f S n i (hym), 2 (b ) = P (hy ) — p(R)rg (0, 7), and

P20 (g ) = SlbonmenWonm)—aiey, PO ! m00) (81 5 B i (7))

Elel] BE] . It is sufficient then,
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to show uniform convergence in probability of - Zt n T (h ) for all h > 0. Observe

erd’"hw

t 1+h

1 Z <€t(¢0,n77T)5t—h(1/Jo,n, 7T) — Et€i—h

a t=1+h E[*f?]
D(h,m) H™ (73 %0) (Bn 25 B [ (0,0 7)])
B B[}
@ - €t(¢0,n, W)gt—h(¢0,n, 7T) — Et€t—h
oon Ele]

D(h, 7)) H ™ (m:70) (VitBas Sotern 5 Bsn i’ (o0, 7))
Elef]

Consider the first term and & > 1 (h = 0 follows similarly).

g Z (5t(¢0,n7 71—)Et—h("po,n? 7T) - gtgt_h)

t=1+h
n h
n n
= %Z(Et(¢0,nvﬁ)5t—h(¢0,n,ﬂ) — EEt-n) — %Z (et(ton, T)Et—n(Yo,n, T) — ErE—p)
t=1 t=1

N nh_)fglo VNE,, [e(Yon, T)et—n(Von, T) — €161-1)

since £¢(g,n, 7) does not depend on 7 and lim sup,,_, .. /R E,, [t(Vo.n, T)et—n (Yo n, T)—Ett—p] =
O(1) from Assumption 9 and Assumption 8.

Next, observe that for the second term

'D(h,ﬁ)/ (7T ’70)\/_@1 Z aaﬁE’yn[mt (¢0n7 )]

= D(haﬂ') (71— 70)\/_Bn (V0,0 T3 90) + 0o(1).

Then /16, — b and K, (1o, 7)) = Ku(to, ;) uniformly on IT (Assumption 1). This
establishes uniform convergence in probability of Z2¥ (h, m;) on IL.

icontinuity of Z¥(h,7), first observe that {1,..., L} is compact.
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Next, recall £;(1)o 5, 7)€t—p(1o.n, T) does not depend on 7 under Assumption 3. Further, ﬁn(ﬂ; Tn)s
K,.(7; %), and D,,(h, 7) each converge uniformly in probability to the respective limits H (7; o),
K (m;70), and D(h, 7). Thus, in order to establish stochastic equicontinuity of Z¥(h, ), we only
need stochastic equicontinuity of m;‘f(zbom, 7), which is ensured by Assumption 4, and to invoke
probability sub-additivity. This establishes A.3.

Now in order to show A.4, we only need to show joint convergence of Z¥(h, ) and 7,. The
latter joint convergence occurs because 7, can be written as a continuous function of H,,(7;,),
K (to,n, 73 7)s and G (Yo, 73 70)-

Finally, A.4 implies Z¥ (h, #,,) — Z%(h, 7*(b,7)) = 0,(1) for each h. The result follows from
(Hill and Motegi, 2018, Lemma A.2).

(b) Recall 22(h) = r¢(h) — p(h)r?(0) where

RS E[gtet—h] - (De(h))ljfl(%)m?

0
B) =
e BE)
We prove for each £ € N
(Z0h): 1<h< Ly S {2h): 1<h< L) (A.5)
where {Z%h) : h € N} is a zero mean Gaussian process with variance

lim L3 E[28(h)z{(h)] < oo and covariance kernel lim %ZZtZIE[zg(h)ze(ﬁ)]. Let
n—o0 ’ n—o0 ’

L, K € N be arbitrary, and take [\;]5_, = A € RX with '\ = 1. Observe

L 1 L
D MEN) == D A ()
h=1

I'See Andrews and Cheng (2012b), proof of theorem 3.1, page 25.
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where 2/, = [2/(h)1(1+ h <t < n)|p=1,.c. Define 0%(\) = B(Yr, )\hZfL(h))Q. We show
\/Lﬁ SN2, 4N (0,1im,, o, 02())). Then A.5 follows from the Cramér-Wold theorem.

Next, by Theorems 17.8 and 17.9 in Davidson (1994), (A ® a)’ zf’ ’E"J( is mean zero, station-
ary, L,-bounded for some p > 2, and L,-NED with size —1 /2 on an a-mixing base with de-
cay rate O(h~?/(*=27*). Thus, o7(\) = O(1) by McLeish (1975), and —= 370", Nzt 4
N(0,lim,,_,o 02(\)) by Theorem 2 in de Jong (1997).

Finally, A.5 implies Z%(h) — Z%(h) = 0,(1) for each h, so the result follows from (Hill and

Motegi, 2018, Lemma A.2).

A.1.3 Proof of Theorem 2.4.1

Theorem. 2.4.1. Let Assumptions I - 11 hold, and let the number of bootstrap samples M, — oc.

(a) Under {v,} € I'(7,0,b) with ||b|| < oo, there is a non-unique sequence of positive integers

{L,} with L,, — oo and L,, = o(n) such that ya{@m — Coia| 2 0.

(b) Under {7v,} € T'(0,00,wy), there is a non-unique sequence of positive integers {L,} with
L, — oo and L,, = o(n) such that |é§‘?an — Cnia] 2 0.

(k)

l—a,mn

Moreover, under the alternative hypothesis, P(Tn > C ) = 1 fork =w,s.

Proof. Since it is considerably shorter, we first prove the claim for case (b), strong identification.
The proof follows the proof of Theorem 2.5 in Hill and Motegi (2018) very closely. We rely on the
notion of weak convergence in probability, written =", on the space of bounded functions, /.., as

defined in Giné and Zinn (1990).

(b) Strong Identification. Let {~,} € I'(v9, 00, wy). Define the sample W,, = {my, z¢, i 7.

We prove the following two steps:
(Vi (h): 1<h< Ly =P {Z (h): 1<h<L) (A.6)

for each £ € N, where {20,’ (h) : h € N} is an independent copy of {Z%(h) : h € N}, the zero

mean Gaussian process in Lemma 3.2. For the process { Z (h): 1 < h < L} and some sequence
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of positive integers {L,,}, £, — oo and £,, = o(n),

>0 1<h<Ln

Let {2}, be a draw of the auxiliary variables, and recall

Eun(0) = er(B)ei-n(6) — (B(Ba) Dy (1h,0)) (Ju(6,)) " m

1 1 <« SN
) (h) = —x{= 2 (& n(0,) —
n ( ) n-1 Z?:l 5?(971) {n Z t( t,h( )

t=1+h

Define

= gt {1 3 (o i)

¢ t=1+h

5t,h = EtEt—h — De(h)/Jilm?.
We prove A.6 with the following two steps:

(Vapgi(h):1<h <Ly =" {Z (h): 1<h <L)

V| ptP (h) — pr(h)| 2 0 for each h

where {207 (h) : h € N} is an independent copy of {Z%(h) : h € N}.

+~

sup | P( max |Vl (k)] < e|X,) — P max | 2 (W) < o)) &0

(A7)

(A.8)

(A.9)

In the general case, Shao (201 1a) requires the sub-auxiliary variables {&; ?:/l;", which are used

to construct the auxiliary variables z;, to be iid and satisfy E(&) = 0, E(£?) = 1, and E(&}) <

oo. Following Hill and Motegi (2018), we shorten the proof by letting & be iid N (0, 1) random

variables, which eliminates the extra steps needed to show asymptotic convergence in conditional

distribution.

In order to prove A.8, we prove weak convergence in the sense of Hoffmann-Jorgensen (1984,

1991). This requires a totally bounded pseudo metric space, finite dimensional convergence, and

stochastic equicontinuity. The proof of this step follows exactly the proof of Lemma A.3, step 1 in
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Hill and Motegi (2018).

Observe that {1,...,L} is compact, so the space {1,...,L} with the sup-norm is totally
bounded. The distributions governing {/np:(h) : n > 1} are stochastically equicontinuous
on {1,..., L} because the latter is discrete and bounded. Finally, we prove finite dimensional
distributions in the following.

We operate conditionally on the sample W,,. Write

1 1 n/bn 1 sbp,
=L« LR [ (6~ BE0)
s=1 t=(s—1)bp+1+h
By joint Gaussianity and independence of &, {\/np’(h) : 1 < h < L} is a zero mean Gaussian

process with covariance function

nB(p;,(h)p, (h) W)

n/bn b sbn
_ LIy { S (& E(St,;»)}{ > (G- E@,ﬁ)}

2\ 2
(E(€t>) = t=(s—1)bp+1+h t=(s—1)bp+1+h

for each £ € N. Observe

lim E[nE(pZ(h)pZ(iL”Wn)}

n—oo

n/bp sbp, sby,

- m iy Y S E[(8n - EEw) (8- BEW)]

(E(5t>) s=1 t=(s—1)bp+1+h u=(s—1)bp+1+h

= th — t,h a gt,i} - E(gt,iz)
> (U FE ) S ()

t=1 t=1

where the final equality follows from the definition of Z(h) in Lemma A.1.2.

Let W be the set of samples such that

nE(p;(h)pr () Wa) = BZ°(h)Z°(h)).
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We will show that P(W,, € W) = 1. This will show that the finite dimensional distributions of
{v/np(h): 1 < h < L} converge to the zero mean Gaussian process {’27 (h) : 1 < h < L} with
covariance function E[2°(h)Z?(h)], where the independence of the &, and Gaussianity imply that
{4% (h) : 1 < h < L} is an independent copy of {Z(h) : 1 < h < L}.

The following step in this argument follows verbatim from the proof of Lemma A.3(a), step
1, in Hill and Motegi (2018), which utilizes arguments presented in de Jong (1997), specifically
Theorem 2. Let {l,} be a sequence of integers with [, € {1,...,b,} such that [, — oo and

l, = o(b,). Define

h
Z En— E(&)]

t=1
(s—1)bn+1n

Uns(h) = D [En— E(En)]
t=(s—1)b,+1

sbyp,

Vn,s(h) = Z [Ecn — E(Ep)]

t=(s—1)bp+Ilp+1

Observe that for h < L, >332 1, 1y [En— E(Ein)] = Vus(h) +Un o(R) + R(h) by construc-

tion. This implies

n/b77 sbp, sbp,
- Z { Z <5t,h — E(gt,h)) }{ Z <€t,ﬁ — E(gt,ﬁ)) }
( t=(

t=(s—1)bp+1+h =(s—1)bp+1+h
n/bn

:—Z{ym ) + Un.s(h) + R(h )}{yns( )+uns(h)+7€<ﬁ>))}
n/bn n/bn Tl/bn

:—Zyns yns ZZ/{M ns ZRns ns )
n/b n/b ”/b

+ = Zyns Zyns Zuns yns
n/b n/b 1 n/bn ~

+ — Zuns ns ZRns yns ) E ZRH,S(h)un,S(h)

s=1
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We prove

n/bn sby, sby,
- Z { Z <5t,h - E(gt,h)) }{ Z <8t,i} — E(gtﬁ)) }
( t=(

t=(s—1)bp+1+h =(s—1)bp+1+h
n/bn

:—Zym )Vns(h) + 0p(1). (A.10)

Observe that £ Y25 Ry, (W) R o(h) = = S0 2R ()R o (h) = 3R a (W) R ().

Under Assumptions 7, 4, and 8, &, 5, is stationary, ergodic, and Ly-bounded. Therefore

1

E‘ -
by

Rn,s(h)nn,s(ﬁ)H < K/b, — 0.

Next, the NED properties and moment bounds of &, and m? in Assumptions 7, 4, and 8 imply
that &, = 601, — De(h)’ J _1mf is stationary, L,-bounded for some p > 2, and L,-NED on an

a-mixing base with decay rate O(h™?/?=2)). Then ||(1/v/by)Vn1(h)||2 and ||(1/vT) U1 ()] ]2
are O(1) by McLeish (1975), Theorem 1.6. Observe

n/bn _ 1 n/bn l 1 ’f“L
Zyns 1_ n/by, Zb Vs ) Uns(h) 1
_ b Y (i
— n/b b_ ns( )\/E TLS( ) X
n/bn 1 ~
< n/b Z (b_> o e W Gt 1
1 n/bn l 1 ~
< mz <b ) y"s( ) ) ﬁunﬁ(h) 2
1/2
L 1 1 i
= <a> ﬁyn,l(h) , ﬁun,l(h‘) ,

by stationarity, Minkowski’s inequality, and the Cauchy-Schwartz inequality. The remaining terms
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are shown to be o(1) in a similar fashion. This proves A.10.

Finally, by the NED property, we see by the proof of de Jong’s (1997) Theorem 2 that

{ Zn: (&n— BE) }{ Zn: (&3 - BER) H .

t=1 t=1

n/bn

n—oo 1

Combine this with A.10 to see that
nE(pi(h)ps(h) W) Jim £ [nE(p () (R)W,)] = E[2°(h)Z° ()],

so that P(W,, € W) = 1 as desired.
Now consider A.9. Recall & 1,(0,,) = &;(0,)e1—n(0n) — (B(3,) " DE(h, 0,,)) (. (6,,)) " mf (6,)
and &, = 45,5, — DY (R) J~1mf.

Observe that by the construction of z; for & iid N (0, 1),

. n/bn sbn, 2
#l(Gr 3o e re) ] =5 e 5 @)

_ E[(\/lb_n ; (Evn — E(gt,h))ﬂ.

Then Under Assumptions ..., &, — E(&; ) is zero mean, stationary, L,-bounded for some p > 2,
and L,-NED with size —1/2 on an a-mixing base with decay rate O(h~?/("=2~*) by Theorems
17.8 and 17.9 in Davidson (1994). Hence the term above is O(1), so that \/Lb*n S, (En —
E(E.1)) = O,(1). Further, Lemma A.2.3 implies that L 37 | £2(d,) & E(?).
We will next prove
R 1 <

—= > a(Enlhn) - Ly En(02)) = —= > (€ — BEn) +0,(1) (AL

n n n
\/_ t=1+h s=1+h t=1+h

which coupled with the previous arguments give

) < ! 1 _ {% 3 zt(ét,h@n)_% 3 gp,h@n))}

t=1+h t=1+h
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n

— E(laz) X {% Z 2 (5t,h — E(St,h))} + 0p(1)

t=1+h

In order to prove A.11, we must show the following steps:

1 <« . . 1 &
— Z 2i&(On)er—n(0n) = — Z zierer—p + 0p(1) (A.12)
1 NP R X I
(B~ (Bn) D5y (h, 0,))' nl(Hn)T > am{(0,) =D(h)J 1% > am{ +o,(1)
t=1+h t=1+h
(A.13)
1 < 1 & . . -
— Z— es(On)ean(0n) = —= Y zE(eEi-n) + 0,(1) (A.14)
n t=1+h n s=1+h n t=1+h
1 < 18 g Ay aia ]l o R
7 2(B™(8,) D} (h, 0,,)) nl(en)g m(0,) = 0p(1) (A.15)
t=1+h s=1+h

Since z; is a mean zero Gaussian random variable that is independent of the sample, the proof

of Lemma A.2.4 applies to show

—= 3 malbien(d)

t=1+h
1 & A 1
= % t:zl-i:—h ZtEtEL—p — \/ﬁ(gn — gn) ﬁ tzzl;h Zt [d97t€t_h + de,t—h{‘:t] + Op(l)

Next, observe

n

1 & 1
o Z ze|dgrer—p] = ” Z 2e|dg er—n] + 0p(1)

t=1+h t=1
1 n/bn sbp,
==Y & D ldeeal +0,(1)
s=1  t=(s—1)bn+1

by the moment bounds and the construction of z;. Recall ; is iid, independent of the sample, and
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has zero mean and unit variance. Then stationarity, and the moment bounds imply

B(25e 3 )] = 8t Yt
s=1  t=(s—1)bn+1 " o=1

because b, = o(n). Now apply Chebyshev’s inequality to see

1 ¢ bn
P(ﬁ Z zildger-n] > 1) < gE[[de,t&“t—hﬂ /° =0,
t=1+h

so that = S~ |, 2 [dg eqp] 2, 0. Then \/n(f, — 6,) = O,(1) implies that

R 1L
\/ﬁ(en —6,) o t;h 2i|dgei—n + dor—ner] = 0p(1),

so A.12 holds.

Next, consider A.13, and write

(B D00 ) z i (6,)
= De(h)’J*% t:z:h zm!
ACER D DRTCCA R
(570 BT D) 2 D
+ (B BIDRA 8. 0n) — Dy ) - Z 4 (ml(0,) = m)

Recall that B~1(3,)D? (h,0,) % D?(h) by Lemma A.2.5, and .J;(6,) & J~' by assumption;
hence (B~1(53,)D2(h,0,)) J; (6,) — D?(h) J~! = 0,(1). Next, observe that 5 Doimipn MY =

O,(1) by the moment bounds, the NED property, McLeish (1975), and Chebyshev’s inequality.
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Finally, observe

n

1 9 N 8
— 2 (my (0 m <sup 2—m? (09| x |10,, — 0,
H\/ﬁt:;h o(mf (0,) —m?) ] ||\/_tlz+h t50 (0] || I

by the mean value theorem. Since ||, — 6,|| = O,(1/y/n), it remains to show that

SUDg-co ||\/lﬁ S 2tml (0%)]| = o0,(y/n), which is shown in Lemma A.2.1 in the Appendix.

Next, we prove A.14. First, observe

n/bp

R 260

Now from the proof of Lemma A.2.3, we have that %Z: 1+h58(é )es h(é)
L hEsEs—n + Op(1/y/n). Hence

n/bp n
Zzt S ciB)enn(d) = th(l > et Oy(1/V))
s=1+h n/bn t=1 s=1+h
n/bn
§t sCs— +O \/_
Vn/bntz; szl:-i-hgg ' \/_/

Zzt Z es€s—n + O,(1/+/n/by,)

s=1+h

Now, 164, — E(ee4—p) 18 zero mean, stationary, L,-bounded for some p > 2, and L,-

NED with size —1/2 on an a-mixing base with decay rate O(h~?/(P=2~*) by Theorems 17.8 and

17.9 in Davidson (1994). Then by Theorem 1.6 in McLeish (1975), E((% Y omin(EsEson
E(gsgsfh)))z) = O(l) Thus \/Lﬁ ZZ:IJrh(ESEsfh - E(Esgsfh)) = Op(1)5 SO

\/_Zzt— Z €s€s—h — Eleses-n))

s=1+h

ZztxO (1/v/n) = O,(1/v/n/by)
= 0,(v/b,) and (B~Y(Ba)D0(h, 0,)) I 1 (6,) L
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D?(h)'J~1. 1t is therefore sufficient to show 1 3" mf(6,) = 0,(1/y/b,). Observe that

1 - 6 N 1 - 9 1 " a 6 A
- - < - an - en__gn
1 D2 i) — o 3 mill < sup |l 3 Saml(6)] x |10y~ 6]

t=1+h t=1+h t=1+h

0, — 0,]| = O,(1/+/n), and {m,} is zero mean, station-

by the mean value theorem. Now,
ary, L,-bounded for some p > 2, and L,-NED with size —1/2 on an a-mixing base with decay
rate O(h™?/®P=274), 50 E[(\/Lﬁ Sor m?)? = O(1) by McLeish (1975), Theorem 1.6. Hence,
%Zf_l my = O,(1), and L3}, ,m! = O,(1/y/n). Since, b, = o(n), we have that

O(L)=0(Le L) = o(zp=)- Thus - 3770, m{ = 0,(1/v/b,). We need only show that

SUPg-co || D11, Zmi (6%)|] = O,(1), which follows from Lemma A 2.1.

This completes the proof of A.6, so that
(VapD(h): 1<h<LYy=P{Z (h): 1<h<L}

for each £ € N, where {% (h) : h € N} is an independent copy of {Z%(h) : h € N}, the zero
mean Gaussian process in Lemma 3.2.
Now we prove A.7: For the process { ’27 (h) : 1 < h < L} and some sequence of positive

integers {L,,}, L, — oo and £,, = o(n),

A = sup | P(max |Vpl) ()] < eWo) = P(mas | Z ()] < )| %0,

c>0 1<h<Ly

Pair A.6 with the continuous mapping theorem to yield

{ max |Vap®(h)|: 1<h<L}=*{max | Z (h)|: 1<h<CL}

1<h<Ln, 1<h<Ln

for each £ € N. This implies

sup | P(mas, [Vap(? ()] < cWy) = P(aax | 2 (B)] < )] 0.

c>0 1Sh§£
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(see Giné and Zinn (1990), page 862.) In order to prove A.7, A, ,, L5 0 for some {L, :n > 1},
L, — oo with £,, = o(n), we follow the proof of Lemma A.2(a) in Hill and Motegi (2018).

The dominated convergence theorem implies

1

1
im [ P(Agn > n)dy = / lim P(Az, > 5)dy =0,
0 n—oo

n—oo 0

so by Lemma A.1 in Hill and Motegi (2018), we have fo (Ag,n > n)dn = E(Az,n) — 0
for some non-unique sequence of integers {£,, : n > 1}, £,, — oo with £,, = o(n). Then by
Markov’s inequality, P(Az, ,, > 1) < E(Ag,,)/n — 0forallp > 0. Hence A, ,, = 0 for some

non-unique sequence of integers {£,, : n > 1}, £,, — oo with £,, = o(n).

Step 3. Finally, we show the consistency of the critical values. Define the quantile functions
F'u)) =inf{c>0: P(T," <¢|) > u}, F7 (u) = inf{c >0: P(T, <c¢)>ul.

Operate conditionally on the sample W,,. From A.7, { M is a sequence of iid draws from
maxj<p<r, | Z (h)| asymptotically with probability approaching one with respect to the sample
W,,. Thus under {~,} € (v, 00, wp), 72 and 7;(8) have the same limits under H,y. Hence, under
Hy,

sup [P(TL9 < eW,) = P(T, < o)| &

c>0 -

Therefore sup,,c(o 4y |Fy, ' (u[Wh) — F, ' (u) 2, 0. Further, by independence and letting M,, —

0o, the bootstrapped critical value éff’)l_m M, = 72(5[21_06). m,) 1s a central order statistic (see e.g.

Galambos (1987)) of a conditionally iid random variable, so éfj)lfa’ M, F'1—aW,)| &0

Combining these statements yields

ks, — Fi (1= a)| B 0. Since 10 = £ (1~ a),

the proof is complete.

(a) Weak Identification. We next prove the claim under weak identification. The proof under
this case will proceed similarly to the proof under strong identification; however, the following
will require more steps due to the inconsistency of 7, for my and the required bootstrap step for

caleulating the bootstrappedsw*, and the joint convergence of 7,, with the other variables.
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Let {v,} € I'(70, 0, b) with ||b|| < co. We will prove the following two steps:
(Vi (h) : 1< h< £} =7 {Z (" (b)) - 1 <h < L} (A.16)

for each £ € N, where {% (h,7) : h € N, 7 € II} is an independent copy of {Z¥(h,7) : h €
N, 7 € I}, the Gaussian process in Lemma 3.2(a). Second, for the process { % (hym): 1<h<
L, m € 11} and some sequence of positive integers {L,,}, £, — oo and £,, = o(n),

sup |P( max [vnp™(h)| < ¢[W,) — P( max | z (h,7*(b,%))] < )| & 0. (A.17)

>0 1<h<Ln, 1<h<Ln

We prove A.16 in the following several steps: First, we prove
{GY)(n): meTl} =P {G(m;y) : mell} (A.18)

where G(7; ) is the mean zero Gaussian process, with covariance kernel Q(7, ;7o) that is the
weak limit of G,,(-) under weak identification. Together with uniform convergence in probability
of Hy, (tho., 7) to H(m: %) and K, (7 7n) to K (b, 7: 7o), this step will imply {& (7; 70, ) :
m e I} =P {&(m;b,7) : m € II}. Then the argmax continuity theorem (cf van der Vaart and

Wellner (1996), Lemma 3.2.1 and Andrews and Cheng (2012b), Theorem 9.10.) will yield

T () (Y0, D) % 7 (70, D). (A.19)
Next, we will prove the weak convergence result

(Vg™ (hr): 1<h< L rmell}=P{Z (ha): 1<h<L, relll (A.20)

where ﬁ,(lw) (h, ) will be defined precisely. The proof of A.20 will follow similarly to the proof of

A.6 under strong identification. Finally, we will prove joint weak convergence

{Vnp™ (h, ), Ty (0s70) : 1 < h < L, m € Il}
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=P {Z (h,7), 7 (o) : 1<h <L, weTl} (A.21)

which will follow simply from the construction of /"’ (h, ), the fact that 7, , (b, 70) is a continu-
ous function of @%bs)(ﬂ), K (Yo, ™5 70), and H, (1hg, ), and the continuous mapping theorem.

The result A.16 will follow.

We now begin the proof of A.16. Let {7, } € ['(7, 0, b) with ||b|| < oo, and operate condition-

ally on the sample W,, = {my, x, y; }}-,. First, we prove A.18:

~

(G (7). meTl} =P {G(r;y) : mell}

where G(7;7) is the mean zero Gaussian process, with covariance kernel Q(m, 7;7) =
E[G(m;v) G(7;70)'], that is the weak limit of G,,(-) under weak identification. We must prove
convergence in finite dimensional distributions and establish stochastic equicontinuity (see e.g.
Giné and Zinn (1990), Andrews (1994), or Pollard (1990)).

Recall GV () = N DIRE (my (Yo, ™) — L 3°1 my (Yo, 7). We prove convergence in
finite dimensional distributions with an argument in Hansen (1996). By construction of z;, we can

write

n

% tZ:; Zt (m;b<w0,n7 7T) - % ; m;f’ (djo,na ™

n

n/bn sbp, n
\/—Z£s< Z (mt w0n7 :;Zm;p w()n’ >
—1)bp+1
n/bpn 1 sbn, 1 n
= \/_ /b Z§S< Z (mf(wo,mﬂ) - Ezm?(@%,naﬂ-)))
bn t=(s—1)bp+1 t=1
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Then since &; is distributed N (0, 1) and independent of the sample, G (7) is normally dis-

tributed with mean zero and covariance kernel

(G0 mE @)
n/bn s, n
o[ T S ot I )]

(s—1)bp+1

n/bn n !
[WZ&(\/— Z (mf(¢07n,ﬁ)—%;mf(@bom,fr)))] )Wn}

s—1)bn+1
1 n/by 1 sbn, 1 n
B [W ) (\/_ > (mf (o) - - me(i/fo,n,ﬂ)))
n (s—1)bp+1 t=1
sbn 1 n /
$(¢ ,naﬁ—) - mg(w ,n>7~r) ]
<\/_u szlbn+1( i ntzl O ))

where ), (7, 7) is defined implicitly. Let W be the set of samples such that

sup | (G ()G (7Y IWa) = Q7o) 2 0.

m,wellxIT

We must show that sup, xcrrym || (7, 7) — Qm, 737%)|| £ 0 in order to prove that P(W, €
W) = 1. This follows from stationarity, ergodicity and the moment bounds in Assumption 4.
Thus G (7) converges in finite dimensional distributions to a zero mean Gaussian process with
covariance kernel Q(, 7; o).

Observe that under {7,} € I'(v0,0,b) with ||b|| < oo and Hy, G,(7) has the same limit by
Assumption 1. Since Gaussian processes are characterized by their first two moments, the finite
dimensional distributions of G* (m) and G,,(m) converge to the same limit.

Next, we show stochastic equicontinuity. Let r € k, be such that 7' = 1. The mean value
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theorem yields

- 0 o .
v (i (o, ) = i (Yo, 7)) < sup |l (Yo, D] ¢ (17 = 7l

rell on

Next, use the construction of z; and the fact that 2, is independent of the data and Chebychev’s

inequality, and observe the following:

Pu(n) =P ( sup

m, eIl |7 —m||<d

_iE[

% zn: zr! (mf(%,n, ) —m (Yon, &)) ‘ > 77|Wn)
( ZZtT (mt Yon, ™) — mf(¢o,n,%)))2|wn]
71 Jon gés\/% i r (mip(%,n, )

" t=(s—1)bp+1

m,well: ||7T || <6

1
= —2E[ sup (
n n7ell:||f—n||<6

(7)) ) W]

n/bp sbp,
1 1 - " R
-2 Z sup ( Z r (mt (Yo,n, ) = my (o0, 77)))
" n/b ||77TT 7f|1|-[<5 \/_ t=(s—1)b,+1
1 sby, ,
X ( Z TI (m:fp (¢0,n7 7T) - m;p(lbo,m 7:('-)))
\/E u=(s—1)bn+1
n/bn, sby,
52 1 1
S Zsup( > w2
K =1 well " t=(s—1)bp+1
sbp,
< (= P> - o, 1)
(s—1 bn—f—l

n/bn sbp

- (e X g )’

(s—1)bp+1

Now observe that

[ H/stup( vl 5 ||r'%mz”<¢o,n,fr>||)2]

=1 mell ™ t=(s—1)bp+1
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=F

iup(\/—ZHT (v >||)2]

well

—0(1)

by Assumption 4. Hence stationarity and ergodicity imply that C,, 2 C' for a finite non-negative
constant C. Take § > 0 such that 0 < § < (en%/C)"/? to see that for every (g,1) > 0, there is a
d > 0 such that lim,,_,., P, (1) < ¢ with probability approaching one with respect to the sample
W,.

Next, we prove A.19. Recall sup,cp||Hn(Yon,m) — H(my)|| 2 0 and sup,p
HKn(zﬁn,ﬂ;’yn) — K (g, m;7)|| 2 0 for every pair of sequences Un — o and 3, — 7o. This
paired with A.18 implies {£\*) (m: 70, b) : @ € I} =P {¢(m;b, 7o) : m € IT}. The argmax continu-
ity theorem (cf van der Vaart and Wellner (1996), Lemma 3.2.1 and Andrews and Cheng (2012b),
Theorem 9.10.) then yields 7, (70, b) 4 (70, b).

Next in order to prove A.20, we show the following two intermediate steps:

(Vapi(hm) 1<h< L rmelly=P{Z (hr): 1<h<L, rell} (A.22)
vnsup |p (h, ) — pk(h, )| 2 0 for each h (A.23)
well

where {’27 (h,7) : h € N, 7 € I1} is an independent copy of {Z¥(h,7) : h € N, 7 € II}.

Recall
ét,h@p?ﬂ-) = Et(w7ﬂ)€t7h(w7ﬂ-)
. 1 —
= Dulh ) Hy 6,) (mf (0. 7) = 23 mi (0. ))
1 n
T n Z [ee(¥, m)er—n (v, ) — €ree-p]
t=1+h
) 1 {1 "
Pn, (h77r>/7n7b) X - 2t gt ¢ n, ) — — gt w na
1Zt 1€t( ) nt—zl.;:_h < " : tzl;_h " ’ )
T Z €t %n, T)Er— h(¢0n, ) — €164—p)
o
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A

= Dy 7Y H ) X 3 SO/ B o w>>}.

t=1

Define

Eun(m) = iz = DV (b ) B (m390) (mf (o, ) = By, [ (t0,0,7)])

o (hy ) = E(lgz x {l S° a(En(m) - BEa(r)

t=1+h

+ B, [et(Yon, T)et—n(Von, ™) — €1€1—1]

— DY(h, )" H™" (;70) (b/ v/n) K (49, 75 70) }

Further, separate p}(h,7) into a mean a conditional Gaussian components
palhom) = pir(hm) 4 () where pht(hm) = g x (A5 (8l -
EEan(m))} and p2r(hm) = g x {BulaWommeaon ) — asal -
D (h, ) H(m90) (6/ /W) K (0,75 30) |-

Here, we again shorten the proof by letting &; be iid N (0, 1) random variables, which eliminates

the extra steps needed to show asymptotic convergence in conditional distribution. In order to
prove A.22, we prove weak convergence in the sense of Hoffmann-Jorgensen (1984, 1991). This
requires a totally bounded pseudo metric space, finite dimensional convergence, and stochastic
equicontinuity. The proof of this step closely follows the proof of Lemma A.3, step 1 in Hill and
Motegi (2018); however, it must be augmented to account for the convergence over I1.

Observe that {1, ..., £} x IT is compact, so this space with the sup-norm is totally bounded. In
order to prove stochastic equicontinuity, first note that {1,..., £} is discrete and bounded. Next,
recall the construction of p (h, 7), that m (1o, 7) is stochastically equicontinuous, and invoke
probability sub-additivity. Finally, we establish convergence of the finite dimensional distributions

with the following argument.
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We operate conditionally on the sample W,,. Write

n/bn sbn
pi*(h, ) = ﬁ X ﬁ Sz:; fs{bi Z (gt,h(ﬂ) - E(&,h(”)))}

" t=(s—1)bp+1+h

By joint Gaussianity and independence of &, {/npL*(h) : 1 < h < L} is a zero mean Gaussian

process with covariance function

nB(py" (b, m)py" (b, 7) W)

n/bp sbn
- @ X %Z { Z (&,h(ﬂ) - E(gt,h(ﬁ)))}

s=1 \ t=(s—1)bp+1+h

x{ 50 (a,,;(fr)—E(et,ﬁ(fr»)}

t=(s—1)bp+14h

for each £ € N and 7, 7 € II. Observe

lim E[nE(py*(h,m)py *(h, ) [ Wa)]
- 1 n/bn Sbn, sbn,

Gy 33 (6w - Bewi)

s=1 t=(s—1)bp+1+h u=(s—1)b,+1+h

x (£,4(7) — BE,4(7)) |

. o th\T) — t,h (T "~ & (T) — E(E (7))
i L 3 (S Bl 5 (a0 Bl

= E[Z2YY(h,m) 2" (h, 7)]

where the final equality follows from the definition of Z%¥(h, ) in Lemma A.1.2

Let WV be the set of samples such that
nE(p-*(h, 7)ps (B HIW,) & E[Zl’¢(h,w)Zl’¢(iL, 7))

We will show that P(W, € W) = 1. This argument is similar to the corresponding step in the
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proof under strong identification, with modifications being necessary to accommodate the uniform

convergence over II.

Let {/,} be a sequence of integers with [,, € {1,...,b,} such that [,, — oo and [,, = o(b,).

Define

h
R(h,m) ==Y [Eun(7m) = E(En(7))]
(s—1)bp+1n

Ups(hom) = > [Enlm) = E(En(m))]
t=(s—1)bp+1

sbp,

yn,s(hy 7T) = Z [gt,h(ﬂ—) - E(gt,h(ﬂ-))}

t=(s—1)bn+ln+1

Observe that for h < [,,, fi"(s_l)anth [Een(T) = E(En(m))] = Vs (hy ©) + Uy s (h, )+ R (R, )

by construction. This implies

n/bn sbp, sbnp,
1 - -
-3 { > (&) - EEnn) }{ > (8P - BEER)) }
s=1 \i=(s—1)bn+1+h t=(s—D)bp+1+h
1 n/bp
fry ﬁ Z {yn,s(h7 77) + Z/{n,s(h/7 7T) + R(h7 7T) } {yn,s(h/, 7~T) + u’l’b,s(h7 ’f() —|— R(h, ﬁ'))) }
s=1
1 n/bp - 1 n/bn B 1 n/bp B
= ; Vis(hy ™)V s(h, 7) + - ; Uy o (h, ™Uy, o(h, ) + - ; R s(hy TR s (h, )
1 n/bn, n/bn 1 n/bn
+ = ; Vb ) (B 7) + ; oo (b )R (B 7) + ~ ; Up s (s 7)o (0, 7)
1 n/bn R 1 n/bp ~ 1 n/bp R
+ = ; U (hy )R s (h, 7) + — ; Ry ) V() + ; Ronss (h, ) Uons (1, 7).

We prove

1 n/bn { iﬂz (&h(ﬂ) _ E(gt,h(ﬂ'))) }{ i (é’t,ﬁ(fr) — E(é‘t,ﬁ(%))) }
t=(

s=1 s—1)bp+1+h t=(s—1)bp+14h

n/bn
1 -
==Y Vuslh ™) Vna(h, 7) + (1) (A.24)
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for every 7, ™ € II. Stochastic equicontinuity follows from probability sub-additivity and because
DY(h, ), H ' (m;7), and m (1., ) are each stochastically equicontinuous under Assumptions
9, 1, and 4 respectively.

Observe that

1n/bn 1 n/bn1
— Rns h7 Rns ;L7~ = 7 _Rnsha RnsiL7~
5 2 Rl R, 7) = 3 R )R,
1 ~
= b—Rns(h,W)Rn,s(h, )

Under Assumptions 7, 4, and 8, é’t,h(w) is stationary, ergodic, and Ls-bounded uniformly in 7.

Therefore

1 ~
_Rn,s<h7 7T),]?’n,s( ) ﬁ')

5|
b,

‘ < K /b, — 0.

Next, the NED properties and moment bounds of ¢, and mf(w) in Assumptions 7, 4, and 8
imply that & (1) = eer_n — D¥(h, 7)Y H(m;70) <mf(¢07n, ) —E,, [m¥ (Yo, 7r)]> is station-
ary, L,-bounded for some p > 2, and L,-NED on an a-mixing base with decay rate O(h~P/=2)),
Then ||(1/v5,)Vn1(h,7)||2 and ||(1/v/T,)Un.1(h, )||2 are O(1) by Theorem 17.5 in Davidson
(1994) and Theorem 1.6 in McLeish (1975). Observe

n/bp

1

/by 1/2
| ﬁ’: L\
n/by, <= \ by

IN

1 n/bp
= |7 2 (a

IN

2
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1 1 ~
—_— U, 1(h, T
N (%)

yn,l(ha 7T) W

1/2
()
[k

2 2

by stationarity, Minkowski’s inequality, and the Cauchy-Schwartz inequality. The remaining terms
are shown to be o(1) in a similar fashion. This proves A.24.

Finally, by the NED property, we see by the proof of de Jong’s (1997) Theorem 2 that

1 n/bn
ﬁ Zyn,s(h7 71—))}n,s(ha 7~T)
s=1
= lim —F

Combine this with A.24 to see that

nE(pr* (h, ) py* (7, @) | Wy)

= lim BlnE(py* (h,m)p," (h, 7)[Wa)] = B[22 (h, m) 21 (h, 7)),

n—oo

so that P(W,, € W) = 1 as desired.

Now consider A.23. Recall ét,h(q/}(),n, ) = 5t(1ﬁ07n, W)Et_h(zﬂo,n, 7) — Da(h, ﬁ)’Hgl(iom, )
(mt(iﬁo,m ) —% 2?21 mt('d/}o,n; W)) - %Z?:th [Q@O,m W)gt—h(@gO,n’ ) — &ge—p) and & () =
icin = DY (b, 7Y H (w3 %) (mu(Wom, ™) =By [mu(Wom, 7))

Observe that by the construction of z; for & iid N (0, 1),

n

1

E[(% S alEnlm) — BEn(m)) ]

t=1+h
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Then under Assumptions 4, 8, and 9, &, 5 (7) — E (& (7)) is zero mean, stationary, L,-bounded

for some p > 2, and L,-NED with size —1/2 on an a-mixing base with decay rate O(h~?/(P=2)=t)

by Theorems 17.8 and 17.9 in Davidson (1994). Hence the term above is O, (1), so that \/Lb—
Z?ll (5t,h(77) - E(gt,h(ﬂ'))) = OPJT(]')'
We will next prove
1 n
= Z 2t ( Een 1/10n; - = Z gth ¢0n;
v t=1+h ( s=1+h )
1 n
- Z 2 (En(m) — By (Ep(7))) + 0pa(1) (A.25)
Vi t=1+h

which coupled with the previous arguments, uniform convergence of D,, and K, and Assumption

9(v) give

Vnpl® (h, )
1 A
= _1 Zt 1€t( n) { Z Zt (gth 1110 ny T ﬁ Z gtyh(wo’n,ﬂ')>

t 1+h t=1+h

n

T [5:&(1;0,7“ 7T)€t—h(?/;0,n, T) — €4¢—p)

— Dy(h, w)’Hgl(zﬁo,n,w)bKn(%,n, w>}

B % { vn tlz-i-h “ (gt a E(gt’h(w)))

+ \/ﬁE n[&(@/}o,m W)Et—h(%,n, 7T) - €t€t—h]

— D¥(h, )" H™} (15 750)bK (o, 75 %)} + 0px(1)

In order to prove A.25, we must show the following steps:

n

1 N N
NG tzzl;rh 2e(et(Vo.n, T)et—n (Yon, T) — €t€t—1)
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1 n

- > 2B, (o m)er—n(Yon, ™) — £5in) + 0p(1) (A.26)
t=1+h
. o 1 <
Dn(h7 W)/Hn 1(1/)0,71, W)T Z Zt (mt 1)[}0 n, M) — — Z m 77[}0 ny T )
n t=1+h
= D¥(h,m) H (mi70)—= Z 2 (mf (Yo, ) = By, [ (o, 7))
t 1+h
+0,-(1) (A.27)
Ly zl Y E5E ! izE[ea |+ 0p(1) (A.28)
e t— sCs—h — T —= t s€s—h p, T .
e S Vn t=1+h
I &1 A A
= ct (63 (¢0,n; 7T)85—h(w0,n7 7T) - gses—h) = Op,ﬂ(l) (A.29)
n t=1+h n s=1+h
1 n . L 1 n
- = ZtD'n,(ha 7T) Hn (¢O,n,7r)_ Z ( on n, ) — — Zm w() ny T )
n t=1+4+h n s=1+h
= D¢(h7 7]-), 7'(' 70 Z ZtE n wo ny T ) E’Yn[mfsp(wO,n;ﬂ-)]]
t 1+h
+ 0p.x(1)
= 0,+(1) (A.30)

Consider A.26. Since 2, 1s a mean zero Gaussian random variable that is independent of the

sample, the proof of Lemma A.2.4 applies to show

1 < R .
% t:zp;h Zt(€t(¢0,n; 77)5t—h(?/)0,n, 7T) - €t€t—h)

= % Z Zt(Et(1/Jo,n,7T)€t—h(1/10,n, 7T) - 5t5t—h)

t=1+h

n

n

VG = G5 Y aldealmenuon m) +dee-n( o, )

t=1+h

+ Op,ﬂ'(l)'

Let S¢ be the ¢ selection matrix that selects the rows of ¢ corresponding to ¢. Recall that /n (6n —
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~

Cn) = Vn(Yn(m) — 9n)Se = O, (1) and observe

n

% > zldes(Wons m)ern (o, )]

t=1+h

1 n
T > aldes(Won, M n(thom, )] + 0px(1)
t=1

n/bn sbp,

= % Z &s Z [dg,t(@bo,na W)5t7h<¢0,na m)] + Opﬂr(l)

s=1  t=(s—1)bp+1

by the moment bounds in Assumption 9 and the construction of z;. Recall &; is iid, independent of
the sample, and has zero mean and unit variance. Then stationarity, and the moment bounds imply

that for each 7 € II,

1 n/bn sbn, 9
E,, [(ﬁ ;ﬁs t:(sgnﬂ[dc,t(%,m T)et—n(to.n, W)]) ]
b

- (2t )]

%E% [[dc,t(%,m T)et—n(Yon, 7T)]2} = o(1)

<

because b,, = o(n). Now apply Chebyshev’s inequality to see

n

P(% Z zildesei—n(Won, ™) >n) < %E[[dg,t(lﬁo,n,W)st_h(%,n,w)]Q] /n* =0,

t=1+h
so that 23 2y [de (Yo, T)er—n (Yo, )] %, 0 point-wise on II. Stochastic Equicontinuity
follows from a mean value theorem argument and the moment bounds in Assumption 9 (See the
proof of Lemma A.2.4). This implies that v/2(C, — Go)' 2 S0 26 [dee (Vo T)er—n (o0, ) +

det—n(Yo.n, ™)t (Yo, T)] = 0p.x(1), so that

n

1 - o
% Z z(et(Von, T)et—n (Yo, ™) — E€1—1)
t=1+h

1
= — e\ E My W)gt—h(wo,nﬂ ﬂ-) - Etgt_h) + Opﬂf(l)'

n

136
www.manharaa.com




Now use the construction of z; to see

% Z Zt(gt(@bo,mﬂ)ft—h(wo,n; 77) - €t€t—h)
t=1+h
n/bp
& f (et(Wons ™)t (Yo, ™) — Erer- )]
vn/bn ; "= (szl;)n-i-l ’ o '
n/bn
m ; gs \/EE’Yn (5t(¢0,n, W)Et—h(¢0,n= 7T) - gtgt—h) + Op(l)

\/_ Z 2B, (€(Von, T)er—n(Yon, ™) — €161—1) + 0p(1)

because &, are independent of the data and by stationarity, ergodicity, and moment bounds in

Assumptions 7, 8, and 9. Hence A.26 holds.
Next, consider A.27.

ﬁn( ) wOm Z Ztmt ¢0n7

4wl
= D’(h, ) H™!(m;7) —= Z Ztmt (0.0, )
v S
I rr— 1 - N
+DY(h, ) H 1(”3’70)7 > z(mf (Wom, ™) = m{ (Yo, )
S
- (Dulhom) B m) = DY () B i) = > st m)

t 1+h

+ (Db, ) B, (o, m) = D () H (73 30) )

n

X % Z 2t (m;/’ (77;0#” 7T) - m:tp(wo,na ﬂ-))

t=1+h

Recall that sup, . || D, (h, ) — D¥(h, 7)|| £ 0 by Lemma A.2.5, and sup, < || Hy, (tho., 7) —
H(m;%0)|| 2 0 by assumption; hence D,,(h, ) H; (o, 7) — D¥(h, 7) H Y (m;7%) = 0pr(1).
Next, observe that \/iﬁ Y oiin zmy (1o, ) = O,(1) point-wise on IT by the moment bounds, the

NED property, Davidson (1994), Theorem 17.5 and McLeish (1975), Theorem 1.6, and Cheby-
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Finally, observe

n

L v o
| ’ \/ﬁ t:;hzt (mt (wO,TM 7T) my (¢0,n7 W)) ’ ’

< sup ||\/_ Z Zt 0,¢", || X [[Gn = Gall

Crez t=1+h

by the mean value theorem. Since |[¢h,(7) — ©n|| = Opx(1/1/n), it remains to show that
SUD,eqp SUD+ e 2 ||\/iﬁ Y oiin zta%mff’ (0,¢*,m)|| = 0p(y/n), which is shown in Lemma A.2.2.

Now following the argument above, we need only prove

% Z Ztisz(%m Z 2By, [mY (Yo, )] + 0p(1),

t=1+h s=1 t 14h

which follows from an identical argument.

Next we prove step A.28. Recall that by Davidson (1994), Theorems 17.9, {e,e,_} is zero
mean, stationary, L,-bounded for some p > 2, and L,-NED with size —1/2 on an a-mixing
base with decay rate O(h™?/(P=2~) 5o E[(\/iﬁ Yo (eern — E[etet_h]))z] = O(1) by Davidson
(1994), Theorem 17.5 and McLeish (1975), Theorem 1.6. Hence, \/Lﬁ Yo e — Eleer_p] =
Op(1),and - 370 | eer—n — Elerer—n] = Op(1/v/n).

Next, we prove A.29. Recall

n/bp

L= 36 =0

Recall that £,(6) is a continuous function and &, (¢)*, 7) does not depend on 7 for all )* with 5* = 0,
and sup, ey |[Vo.n(7) — thon|| £ 0. Then by the moment bounds, stationarity and ergodicity in

Assumptions 7 and 8,

n

Sule Z (68(1[}0,717 ﬂ-)gs—h(ijo,ny 7T) - 5553—11) - Eq/n <€s<¢0,n, 7T)£s—h<¢0,n; 7T) - 5555—}1)“

n
mell s=1+h

oo,
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Now recall that /nE., (£5(¢on, T)es—h(on, ) — €s€s—1) = O(1) by Assumption 9 and that the

construction of z; has &, iid, mean zero, and independent of the data, so

1 Z 24 [\/EE o (Es(Von, T)es—n (Yo, T) — 5sgs—h)}

t=14h
n/bn sby,
n/b Z §s Z [VnE.,, (e:(Yon, T)et—n(Qon, ™) — €ce-1)]
t=(s—1)bn+1
1 n/byn
= n/b Z &s [\/EE n(5t(¢0,n; W)Et—h(¢07n, 7'(') — Stgt—h)}
nos=1

= 0,(1).

Finally, we prove A.30:

1 < 1 -
- = Z ZtD ( ) (1/1071, ) Z ms(wo,m’”)
v L " Sitn
= DY (h, ) H(7;70) —= Z 2B )] + 0px(1)
i)
= opx(1)
First, recall —=37" 2z = Oy(vb) and sup.y Dy (h, ) H (Yo, )

—D¥(h,m)H Y(m;y)|| & 0. It is therefore sufficient to show D m¥ (Yo, ) =
Ey, [m? ()] + opx(1).

Next, recall the expansion

(Yo ) = M (o, 7) — By [ (o, )]+ﬁna (Yo,

0B E5,
for some 7, such that ||3, — V|| < |70 — aull-

Next, recall {m;(¢on,7) — E,, [m¢(¢on, T)]} is zero mean, stationary, L,-bounded for some

p > 2, and L,-NED with size —1/2 on an a-mixing base with decay rate O(h‘p/ (P=2)=1) 50
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[( Yo (me(Yop, 1) —Es, [my (Yo, )]))2] = O(1) point-wise on II by McLeish (1975), The-
orem 1.6. Hence, — 7 Sy (my (Yo, ™) =By, [my (o, )]) = Op(1),and £ 370 (my (o, m)—
E.. . [mi(on,m)]) = O,(1/4/n) point-wise on II. It remains to show stochastic equicontinuity,
which follows from a mean value theorem argument paired with the uniform moment bounds in
Assumption 4.

For the last term in the expansion, observe that = > | Ex [my (Yo, m)] = Ko (U, T Am) —
K (19, m;70) uniformly over 7 € II by Assumptions 1 and because 3, = O(1/y/n) under weak
identification. Thus, £ 31" | Bna%E% (M (Yo, )] = O(1/y/n).

Finally, observe that

~ a R
5 32 il = 3 mulnnml < sup sup [15me(0.6% I 116 = Gl

t=1+h t=1+h rell¢rez

by the mean value theorem. Now recall that ||C, — (|| = O,.x(1/+/n) and the moment bounds in
Assumption 4 to complete the proof.

This completes the proof of A.25. Hence, A.23 holds, so combined with A.22, we see that
A.20 holds:

{Vnp (h,7): 1 <h<L, WEH}:%’{%(h,ﬂ'): 1<h<L mell}
It remains to prove the joint convergence result A.21:

{\/ﬁﬁgﬂ)(h,ﬂ'),ﬂ'z})s)(b, Y):1<h<L mell}

= {Z (hm), 7" (b,y0): 1<h< L, mell)

which will follows simply from the construction of ﬁgw)(h, 7), the fact that 7, (b, 7o) is a con-

tinuous function of anG(bS)( ), Kn(%m,ﬂ;fyo), and H,, (v, 7), and the continuous mapping
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theorem. The result A.16 follows. Hence,
(Vp® (h) s 1< h< L} =P {Z (7' (b)) : 1< h< L}

for each £ € N, where {% (h,7) : h € N, 7 € II} is an independent copy of {Z¥(h,7) : h €
N, 7 € 1T}, the zero mean Gaussian process in Lemma 3.2(a).

Now we prove A.17:

sup | P( max |v/np™ (h)| < ¢|W,) — P( max |Z(h ™(b,%))] < )| &0 (A.31)

>0 1<h<Ly 1<h<Ln

for the process { z (h,m): 1 < h < L, 7 € I} and some sequence of positive integers {L,,},
L, — occand L,, = o(n).
This follows the proof of A.7 exactly by defining

Az, = sup |P( max |vnp (k)| < ¢|W,) — P( max | z (h, 7 (b,%))| < )| & 0.

>0 1<h<L 1<h<L

Step 3. Finally, we show the consistency of the critical values. Define the quantile functions
El(u])=inf{c>0: P(T\") <¢|-) >u}, F;Y(u) = inf{c > 0: P(7, <c)>ul.

Operate conditionally on the sample W,,. From A.17, {72(1]”) (Vn,s b)}j]‘i1 is a sequence of iid
draws from max; <<z, | Z (h, 7*(b,70))| asymptotically with probability approaching one with
respect to the sample W,. Thus under {7,,} € I'(7,0,b) with ||b]| < oo, 7;, and T (+,, b) have

the same limits under H,. Hence, under H,

Therefore sup,, (o 1y | F5, ' (u|Wh) — F, (u) 2, 0. Further, by independence and letting M,, — oo,
the bootstrapped critical value éflwf_a a, (s 0) = 72(1[12)17&). a,](7n, b) is a central order statistic

(see e.g. Galambos (1987)) of a conditionally iid random variable, so £L 1) o, (Yn, ) — F1—

aW,) énl) ant, (ns ) — F71(1 — @) & 0. Since

L5 _0.-Combining-these statements yields
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Cni-a(n,b) = F, 11 — ), the proof is complete.

(k)

l—a,n

Finally, we must show that under the alternative hypothesis, P(T n>C ) — 1fork = w,s.

Under the alternative, p(h) # 0 for some i € N.

Let {v,} € I'(7, 00, wp). By the triangle inequality and Theorem 2.3.2,

max |v/np,(h)| < max |vn(p.(h) — p(h))| + max |vnp(h)]

1<h<L, 1<h<L, 1<h<L,

— 0 p
= max (1Z,(W)]) + max |vnp(h)] +o0,(1) = co.

Similarly, if {~,} € I'(7, 0, b) with ||b|| < oo, then

max sup Vi, () < e sup(v/lja (i) = p()]) + max [viap(h)|

1<h<Ln rell <h<Ln rell 1<h<L,

_ v P
 max. ilelgﬂzn (hym)l) + max [Viap(h)| + op(1) = co.

Then using arguments above,

P(T, >, W)

—*~l—a,n

> min{P( max | .?.,:w (h, 7 (b,70))| < Tp), P( max | 2% (h)| < T,)} + 0,(1)

1<h<Ly, 1<h<Ly,

— 1.

O
A.2 Appendix: Supporting Lemmas and Proofs
A.2.1 Lemmas and Proofs relating to ULLNs for m;
Lemma A.2.1. Under Assumption 4, and {~,} € I'(9, 00, wp),
su ||lzn:z am(9)||ﬂ>0 (A.32)
p tog .

n
beo M =

1
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1~ 0 ) »
sup ||ﬁ %mt(O) - E[%mt(g)] | =0 (A.33)
= > am) = 0,(1). (A.34)

Proof. Consider the first statement. For iid {; ~ N(0, 1) that is independent of the data

n n/bn bn
1 0 0
DIITED S ED SR )
t=1 " t=(s—1)bp+1
and %mt(ﬁ) is uniformly integrable on © under Assumption 4. Thus, foreach: = 1,..., ky and

j=1,..., kpy, stationarity and Minkowski’s inequality imply

n n/bn bn 9
AGxmmo)] =G oo 3 ame)]
P 5 o))
< () #l(upagma) ] o

so we see that 2 3" | 2, 2m,(6) % 0 pointwise on ©. Further, 1 3°7 | z2my(6) is stochastically

equicontinuous. Observe that by the mean value theorem

LS e (m0) = Lm@)| < swp |23 (2

— —m (") x |0 — 0
i\ 50 90 s (g x 10 = 1)
1 — o 0
< — .
<sup |53 (g < 9)]

It follows that, given (e,n) > 0, there is a § € (0, ne/ E[supgee |(9%/00060")Ym,(0)|]) such that

lim P( sup %izt(%mt(ﬁ) — %mt(é)ﬂ > n)
t=1

O N o—d|<s

i (g5 o)

0cO
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<5< (gl 2o o)

n/bp, sbn,
= % XJL“SOE(EES n /by ng " E)W (o))
<5t (gl ) <

The second inequality follows from Markov, and the final inequality follows from the uniform
integrability of supy.e ’%%mtw)‘ in Assumption 4. Hence, 1 37" | z,2m,(0) is stochastically
equicontinuous. Corollary 3.1 in Newey (1991) gives the desired result.

The second statement follows similarly to the first.

Consider now the final statement. Recall that mf is zero mean, stationary, L,-bounded for
some p > 2, and Ly-NED with size 1/2 on an a-mixing base with decay O(h~?/(P~2)=)_ Then by

Theorem 17.5 in Davidson (1994) and Theorem 1.6 in McLeish (1975) E[(1/y/nx >, mf,)?] =

O(1) foreachi =1, ..., k,,. Use the construction of z; to see that
£l(Ga 3ot ) =2l S, 55 )]
vn =1 T n/bn s=1 S\/_ (s—1)bn+1 N
SE(L 3 w)]-on
n/b Z \/_t (Szljb +1mz’t '
Thus \/iﬁ S zami, = 0y(1). O

Lemma A.2.2. Under Assumption 4, and {~,} € I'(7,0, b) with ||b|| < oo,

supsup ||— —m(0,¢,m)|] 20 A35
Wlégglelg“ni 25 mt ¢, ml| (A.35)
o) P
— — 0 0 0 A.36
iggigzpuni mt ,¢,m) [aemt( Gml = (A.36)
J - "
— E zzmy (m) = Opx(1). (A.37)
Vi o2,
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Proof. Consider the first statement. Recall {; ~ iid N (0, 1) and is independent of the data, so

1 0 b, 1 0
E g Zta_Cmt(()aCaﬂ_) = g Eﬁ gsa E 8_Cmt(0’ Caﬂ—)?
t=1 s=1 t=(s—1)bn+1

and a%mt((), ¢, ) is uniformly integrable on Z x II under Assumption 4. Thus, for each i =

1,...,kcand j = 1,..., k,,, stationarity and Minkowski’s inequality imply

n n/bn n
B (T gmocn)]-e (G 3 Fmoco)]
t=1 s=1 t=(s—1)bn+1
bn
-GG S gmioem)]
" t=(s—1)bp+1 >
< () P (g c ) ] =0

so we see that = > | zt%mt(o, ¢,m) % 0 pointwise on Z x IL. Further, 1 >°% | zt%mt(o, ¢, )

is stochastically equicontinuous. Observe that by the mean value theorem

1 — 0 0

Sup -~ <t _mt(O)C77T) - _mt(O,(;:, ﬁ')
¢m—Emll<s ' T ; <5’C ¢ >‘
1 & g 0 3
< sup =z (0, ¢, 7)) x |[(¢ ) = (¢ )]
N¢m—Cal<s' ™ ; <3C (¢, ) ) ’

1 n
< supsup |— Z
rell (€2 n; ! 8C6‘(C,7r)’

(8 0 mt(O,C,W)X(S)’.

Using the construction of 2z;, Markov’s inequality, and the uniform integrability of

(02/0¢O(¢, m))m4(0,¢, ) in Assumption 4, it follows that, given (e,7) > 0, there is a

0 € (0,ne/ Elsupsup [(9°/9¢0(C, 7)")ma(0, ¢, m)|])

well (eZ

such that
1 & ) B By
lim P sup — ZZt —my(0,(, ) — —my(0,¢, ) ’ >
e (||(C77r)_(€77?)||<6 n t=1 <8C 8C > )
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) Ig~/0 0
<yl P (s[5 Geargapme@ 6 m) <

Corollary 3.1 in Newey (1991) then gives the desired result.

Now consider the final statement. Recall that m{ (7) — E., [m} ()] is zero mean, station-
ary, L,-bounded for some p > 2, and L,-NED with size 1/2 on an a-mixing base with decay
O(h~?/(P=2=t), Then by Theorem 17.5 in Davidson (1994) and Theorem 1.6 in McLeish (1975)
B[(1/v/nx 3 (m)(x)—E,, [mf’(ﬂ)])f] = O(1)foreachi = 1,...,k,,. Use the construction

of z; to see that

n

B[(= X st (m) = B, b D) |

t=1

n/bn )
SV (m{ (m) = E,,[m{ ()
[(W—bn; vl (E)Z B m ()]
n/bn sbn ,
n/b Z [(\/— Z (mj (m) — E%[m}f(w)])) ] = 0(1).
Thus o S0, z(mi (m) = B, [my (m)]) = O,(1). -

A.2.2 Lemmas and Proofs relating to the covariance expansion

In order to conserve space in this appendix, we use the following shorthand notation:

Rn(ha 0) = %Z?:H—h e(0)ei-n(0) Rn(h) = Ru(h,0,)

Ro(1.6) = B, (c)ci-n(8))  Ru(h) = Ru(h6,)
Ron(h,6) = By (e(O)21-0(6)  Ron(h) = Ro(h,0,)
R(h0) = Ey(c(0)en(®)  R(K) = R(h6)

pulh) = B palh) = 2t
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Observe that for true parameter 7., €¢(6.) = ; by definition, so
R()m(h) = Ro’n(h, 90771) = Rn(h) = Rn(h, gn) = Ro(h) Ro(h 90) = (Etgt—h)-

Lemma A.2.3. Under {7,} € T'(7,0,b) with ||b|| < co and Assumption 5, R,(h) — R,(h) =
Op(1/v/n).

The proof follows trivially from Lemma A.2.4.

Lemma A.2.3 establishes convergence in probability to zero of the difference between the
denominator in the test statistic, R2,,(0) = ) £2(6,,), and the second moment of ¢, E., (c2) =

E(e?) = o2

Proof of Lemma A.2.3. Lemma A.2.4 shows that \/ﬁ(Rn(h, Un(m), ) — Rn(h)) = O,r(1), so

forany h = 0,1,2,... and © = 7, Ry (R, thn(70), 71n) — R (h) = Op(1/4/). O
Lemma A.24. (a) Recall D, (h, ) = L i [duwt—n (o, T)ed (o, T)
+d1/),t(¢07n7 7T)5t—h (¢0,na 71—)]’ where d1/17t(¢0,n7 7T) = %515—/1 (¢7 71—) | (,m)=(b0,n,m)" Under

{7} € T'(70,0,b) with ||b|| < oo and Assumptions 5 and 9,

Vi (Ba(hy i (m), ) = Blereen)
= \/_(% [gtft—h - E(gtft—h)])
+ (H, (Yo7 th Yo, T ) ()
+VRE, [st(%,n, m)ern(Won, ) — etet_h] + o (1)

(b) Recall D%(h) = %Z?:Hh [dg,t_h(en)et(gn) + dgyt(Hn)et_h(Hn)}, where dp.(0,) =

Zern(0) ‘929 . Under {~,} € I'(, 00, wy) and Assumptions 6 and 10,

\/ﬁ(ﬁgn(h) - E(et»st—h))

_ (L (On)ern(6n) — E (5t€t—h)D

n
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(7 th 2)) BB)DAR) + 0,(1)

Proof of Lemma A.2.4. (a) Consider an expansion of R, (h, v, (), 7) about Yo n:

A

Vit(foal (), ) = Ra(h))
= V(B o, ) = Ra(h)) + v/ (1) = v,

+ V() — t) (—
V(R o, m) n<h>)
+ ( ¢0n; \/—th Yo, ) ) n(h, ) + 0pr(1)

for some 1, st 0 < ||ty — ton|| < |[Un(7) — thon|| where the first equality follows from a
second order expansion, and the second follows from Assumption 5.ii, stationarity, ergodicity,

and the moment bounds in Assumption 9, and Lemma A.2.5. In particular, we show

0 A
15 Tn (s Yo, m) = DBy m) [ = 0pr(1)

and
122

5055 () = Duh. )| = 0ye(1)

in Lemma A.2.5. From the second statement and Assumption 5, we have that

0 0

\/ﬁ(d;n(ﬂ') - ¢0,n)/ <8¢ 8w/

( wna ))(7’[;”(7'()—17/}07”)
= (H, o fzmt Yo 1)) Dl ) X Ope(1/3/7) + 0e(1)

= 0pr(1).

In order to deal with the term +/n (Rn(h,%,n,w) — Rn(h)), add and subtract

148
www.manharaa.com



(b)

1 .
Tn D te1 ik Et€t—h'

_ Ln > e (W M (o, ™) — s + [% tz% ezt — Ra(h)]
= Ln z": [st(¢07n,w)5t_h(¢o,n, ) — 5t5t—h]
t=1+h
+ Ln tzzl—;h |:5t€t7h - Rn(h)] - (1\_/'_5h)R"(h)
= Ln i [Etgt—h - Rn(h)]
t=1+h

n

i [ v

+ \/_(% i [&(%,nﬂf)&—h(%,mﬁ) - 5t5t—h]) + O(h/V/n).

t=1+h

Remark 7. Recall that h < L,, = o(n). This is sufficient as the argument above only relies on

arguments pointwise in h.

Finally, recall v/n [E% [e¢(Vo,n, ™)Er—n (o0, T) — atst_h] is O(1/4/n) by Assumption 9. Fur-
ther, €;(1o.», ) does not depend on 7 by Assumption 3. Then by stationarity and ergodicity in
Assumption 8, L 30 [V, Mz (W, ) —eiein] B By, [t m)era(o, m)—

et&:t_h] = 0(1/ /).

Under Assumption 6, 7, is consistent, so we can expand the sample covariance estimator

~

R,,(h) about the true parameter 0,,. Consider an expansion of R, (h, ¢, (7), ) about ¢g.,:

\/E(Rn(h,én) - Rn(h)>
/ J -

= v/ (Bl 02) = Bo(R)) + /(6 — 0,) 51t (.0)
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- \/E(Rn(h, 0,) — Rn(h)) + (J;l(vo)GZ(%))/B‘l(ﬁn)DZ(h) + 0p(1)
for some 6, st 0 < [|6, — 0,]| < [|6n — 0n]|.
O

Lemma A.2.5. Under {v,} € T'(70,0,b) with ||b|| < oo and Assumptions 5 and 9, we have for

p
some g, st |5, — Yon| = 0

(@) || B (h, o0, ) = Da(h )] = 0pe(1)

() |15 5 B, 150 m) = D, )| = 05 (1)

Proof of Lemma A.2.5. We appeal to a sequence of theorems detailed in Davidson (1994), Chap-
ter 21.2

(a) Using differentiability (Assumption 9(ii,iii)) of (h, Y, m) — Dy (h,, ), define

0
B, —ilelgH—(@ n (P Yo, )—Dn(h>¢0,n,7)>’|-

By Assumption 9(iv), B,, = O,(1). Further, by an application of the MVT,

0 0
(g5 Bl i m) =D 0, m) ) = (57 B o, )=l i 7)) | < Bl =] 5.

Then by following Davidson (1994), Theorem 21.10, we see that {ai (R Yo, ™) —
D, (h, o.n, w)} is stochastically equicontinuous.

Next, observe that

8

a¢ (h dJOn, ) - Dn(h7w0,m7r)|| ﬂ) 0

’Davidson (1994)[Theorems 21.6, 21.9, 21.10]. See also Newey (1991).
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for every m € II by stationarity and ergodicity (Assumption 9(ii)) and the moment bounds. Com-

bining these two results, we see that Davidson (1994), Theorem 21.9 applies, so

0 -~
sup Ha_Rn(h’¢0,m 7T) - Dn(ha 7T>H £> 0
well ¢

for the non-stochastic function D,,(h, 7) = D,,(h, g 5, ).

(b) Define D,(h,1,7) = E,, %aiw<et(¢,w)gt_h(w,w)>] and Z,(h,0,7) =

%%Rn(ha wa 7T) - ﬁn(h7 1/}07"“ 7T).

0
B, =sup sup H%Zn(h,w,ﬂ)!\-

mell e ()

By Assumption 9(iv), B,, = O,(1). Further, by an application of the MVT,
| Z.(h, 0, m) — Z,(h, ', 7)|| < B,l|0 — ¢']| a.s.

Then by following Davidson (1994), Theorem 21.10, we see that {Z,,(h, 1, w)} is stochastically

equicontinuous. Next, observe that
|2, (h, v, m)|| & 0

by stationarity and ergodicity (Assumption 9(ii)) and the moment bounds. Combining these two

results, we see that Davidson (1994), Theorem 21.9 applies, so

sup sup || Z.(h,1, m)|| 2 0.
mell YpeW, (r)

for an open set W ,(7) containing 1), and for the non-stochastic function D, (h,1,7) that is

continuous at . Finally, we combine the previous result with [¢g,, — 1o, % 0 and apply
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Davidson (1994), Theorem 21.6 to yield

sup|| 2, (h, 05 . 1| % 0.

mell

O

Lemma A.2.6. Under {v,} € I'(y, 00, wo) and Assumptions 6 and 10, for some 0%, st |6 —0,,| 2

0, we have that
(@) |2 R(h,0,) — DI(R)|| = 0,(1)
(b) ||:2:2: R, (h,0:) — DY(R)|| = 0,(1)

Proof of Lemma A.2.6. The proof proceeds similarly to that of Lemma A.2.5(b). U
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APPENDIX B

APPENDIX FOR TESTING MANY ZERO RESTRICTIONS UNDER MIXED
IDENTIFICATION STRENGTH

B.1 Appendix: Notation

The framework utilized here is based upon that developed in Andrews and Cheng (2012a) and
Cheng (2015); hence we find it convenient to borrow their notation. This section is meant to be
a reference for the notation found throughout the remainder of the paper. Readers familiar with
Cheng (2015) may wish to skip this section and return if needed.

The parameter vector § € ©* can be partitioned into three subvectors § = (', (', ')’ where the
parameters [ and ( are always strongly identified, and the identification strength of 7 is determined
by /5. ¢ does not affect the identification of 7 or 5. For the observations {W; = (Y}, X}, Z})" :
t < n}, {Z;} are the variables associated with parameter ( which are not associated with 3 or 7.
The variables X, are associated with 3 and 7 but not with ¢. For any ¢ € ©*, we denote by I,
the distribution of {W; : t < n} and E, its expectation, where v = (6,¢) € I"and ¢ € ®*is a
possibly infinite dimensional nuisance parameter such that the distribution is fully characterized by
7. In the framework of Andrews and Cheng (2012a), all elements of 7 are only allowed to exhibit
a single identification strength that is determined by the value of .

This can be demonstrated with a simple example in which we estimate scalar parameters (3, 7)
from the nonlinear function Y; = Sg(X;, ) + &; for some smooth non-linear function g¢. It is
well known that when 8 # 0, 7w can be (strongly) identified, and when 5 = 0, 7 cannot be
identified. In order to develop a unifying testing framework, Andrews and Cheng (2012a) utilize
a thought experiment which can be characterized with the notion of drifting sequences of true
parameters. Let 5 = [3, be a sequence of true parameters that are drifting to 0, the point that
induces identification failure. Then the strength of identification of 7 is categorized by the speed
at which 8, — 0. When /nf3, — oo, 7 is characterized as being semi-strongly identified, and
when /nf, — b € (0,00), we say 7 is weakly identified. In the latter case our estimator 7,, is not
consistent for the true 7y, and converges instead to a random variable. These drifting sequences

are described in greater detail below.
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While this setup allows for uniform inference within the parameter space, missing from their
framework is the ability to account for identification strengths that differ across elements of 7.
Cheng (2015) augments this theory specifically for the additive non-linear model to allow for
mixed identification strength by pairing subvectors of S with subvectors of 7, and allowing the
subvectors of [ to drift to zero at differing rates. To allow for uniformity over v € I, all true

parameters are indexed by the sample size n. That is, the true ,, = (6!, ¢! )" where

en = (ﬁ;u Cr/u 7-[_;),

with 3, = (8 ,,,...,0,,) andm, = (7} ,,...,m,,)". These parameters drift to the limiting values
0, — 0o = (B}, ¢y, mp) € © and 4, — 70 €T
B.1.1 Drifting Sequences

In this framework, the identification strength of 7;, = = 1,...,p, is determined by the rate at
which ||5; .|| converges to 0 as n — oo, with 7; being strongly identified only if 5;,, — 5; # 0.
In the case that 3,y = 0, the speed at which 3;,, — ;0 = 0 affects the asymptotic analysis. In
particular, when ||, ,|| — 0 fast enough, given by case (i) below, we say the parameter 7 is

weakly identified. In this case, the estimator 7, ,, is not consistent. Hence, following Cheng (2015),

we divide the space of drifting sequences into three identification categories of m;:
(i) Weak Identification: 3;,, — 0 with n'/28;,, — b; € R%:

(ii) Semi-Strong Identification: 3;,, — 0 with n%/2||3; || — oo

(iii) Strong Identification: 3;,, — 3; # 0.

Observe that the case 3;,, = 0 Vn is allowed under case (i); hence this case includes non-
identification. The category (ii) of semi-strong identification is necessary for uniform results in
Cheng’s (2015) work. She groups subvectors of 7 by the identification category above and the rate
of convergence to zero for subvectors in the semi-strong identification category. This grouping

allows a convenient inductive argument to be used to prove estimation results.
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B.1.2  Grouping Notation
To facilitate sequential analysis, we follow the notation in Cheng (2015). Let ||5;|| denote the
norm of vector 3;. We group subvectors of 5 and their associated pairings in 7 with the following

procedure.

(i) All ||;,|| that have non-zero limit are put in the first group. If all ||, ,|| have zero limits,

the first group is empty.
(ii) All ||, that are O(n~'/2) are put in the last group.

(iii) For those that converge to 0 but at a rate slower than n~'/2, members in group k converge to
0 slower than members in group £’ for any &’ > k and members in the same group converge

to O at the same rate.

The first group is associated with strong identification, the last group is associated with weak
identification, and the middle groups are associated with semi-strong identification, ordered by the
rate of convergence. Note that the group index k is a property associated with the drifting sequence

{Bjn : n > 1}. Therefore the group index k does not change with the sample size n. See Cheng

(2015) for details.

Next, suppose there are K groups and fy,, ... 76’% are the elements in group k. Let [, =
{k1, ..., kp, } denote the indices for group k. Use the subscript /;; to denote a sub-vector associated
with group k:

B, = (B, - - 75];%)/ c R

/ / / dr
and m, = (mp,,...,m, ) € R

Bi,,.» denotes the true value of 3;, when the sample size is n and /3, ( denotes its limit. In particular,
the grouping rule implies that |[3;, »|| = o(||B,n||) for k' > k between groups and |[B; ||
converges at the same rate as ||3;,|| for any j,j' € [, and k = 1,..., K — 1. In the presence of
weak identification, 3, , = O(n~'/?) for k = K. If all regressors are in the semi-strong or strong
identification category, then we denote [ = ().

155
www.manaraa.com



Finally, we describe one more partition of the vectors § and 7 based on the grouping notation
above that will be used to sequentially analyze the limiting behavior of the estimators.
Consider 7(;) 5, , and denote 7(; .- as the elements of 7 in the previous groups Iy, ..., [, and

T()k+ as the elements of 7 in the subsequent groups lj41, ..., k.

T = (M, oom, ) and me = (m, ,oom, )

Observe that 7 = (m,_,m , 7 )", and that the identification strength of these subvectors are in
decreasing order by definition. The same notation will apply to (3, where we can note that the
subvectors in 8 = (3, _, 3] , B, )’ have smaller magnitude by definition.

It is important to note that 7, is strongly identified. All strongly identified elements of 7 are
included in this group in order to analyze them together with the strongly identified parameters 3
and (. The semi-strongly identified and weakly-identified elements of 7 are analyzed using the
sequential procedure outlined in Cheng (2015). If no elements of 7 are strongly identified, I; = ()
and m;, disappears.

B.1.3 Concentrated Criterion Functions

The least squares estimator f,, minimizes Q,,(0) over § € ©, where © = B x Z x II. B =
xleBj where B; for j = 1,...,p are compact sets, as are Z and II. We assume all true values
and parsimonious model counterparts in ©* are in the interior of the optimization space ©.

Proof of the consistency of the strongly and semi-strongly identified components of the esti-
mator follows from sequential analysis in order of decreasing identification strength. In particular,

we sequentially concentrate out parameters and analyze the concentrated criterion function

~

QZ(T‘-lka 7Tk+) - Qn(lﬁk* (ﬂ-lku 7Tk+>7 77[;& 7Tk+)

where ¢~ = (8',(’, )" collects the parameters that have been concentrated out, and the true
values of these parameters are denoted with the additional subscripts 1y ,, = (8, (), 7, )’ and

n» “sn

-0 = (85, ¢ W,;,’O)/ where the latter gives the limit of the drifting sequence: vy ,, — V- 0.
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Due to the mixed identification strength along differing subvectors of 7, it becomes necessary
to evaluate expansions around the points of sequential identification failure, 6& =0and 8), =0,
rather than the true values (3, , = 0 and 34+, = 0 as is commonly done Andrews and Cheng’s

(2012a). We use the superscript 0 notation to define
2/}]2_777, = (/B]/c_"nj /Blokl7 /8]8{'!‘ Y C':p 7T],§_7n)/

to be the parameter vector consisting of the concentrated out parameters evaluated at the point
of sequential identification failure 6& = 0 and 62+ = 0. Observe that the difference ¢, —
wz_m = (0, B> Brt+m, 07,0"). This is done so that under our basic assumptions the centering
term Q. (Y} ., T, T+ ) does not depend on (77, ;. ).

B.2 Appendix: Limit Theory for Models with Mixed Identification Strength

We assume that the following assumptions hold throughout this section.

Assumption A.1. The observations {W;, = (Y/, X[, Z})' : t < n} are strictly stationary as are
{et}. {W,} is strongly mixing with mixing coefficient «(j) such that Z;’;l a(§)¥ P+ < oo for

some 0 > (.

Assumption A.2. The true value 0" belongs to the set ©* = B} x --- X B) X Z* x II* where 5}
is compact and includes 0 for each j. 11* and Z* are compact. For any 6 € ©*, the distribution
of {W:} is given by F.,, where v = (0',¢')' € I, and ¢ € ®* is an possibly infinite dimensional
nuisance parameter that fully characterizes the distribution. ®* is a compact metric space with a

metric that induces weak convergence on bivariate distributions (W, W,..,,) for every t,m > 1.

Assumption A.3. The estimator én minimizes the criterion function Q,(0) = Q.(0;W;) =
LS mu(0; W) over € © = By X --- x B, x Z x II where B;, Z,11 are compact for ev-

ery 7 and ©* is contained in the interior of ©.

Assumption A4. For every B; there is a I1; = @, 11; such that m,(0; w) does not depend upon
m; € 1L iff B; = 0. B; for i # j does not affect the identification of 7;. ( does not affect the
identification of [ or w, and the identification of ( is not affected by (5 or .
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Assumption A.5. Denote E. as expectation taken under true parameter .
1. iflx =0, then E., (m,(0; W,)) is minimized uniquely by 6 = 6* € ©*.

2. iflx # 0, then E, (my(Vk-, mx; Wy)) is minimized uniquely by - = ¢5._ € Wi_ for

every i € llg.

Assumption A.6. The function m(0;-) is measurable with respect to o(W;), the sigma field gen-
erated by {W,}, for every 6 € ©. Further, m,(0) is three times continuously differentiable, and for

some § > 0

1. supgeg Eqo|mei(0)*F° < oo

2. supyee lim B, |[B(Bk-)""Vy, mt(G)]j|2+5 < 00

3. supgee lim B, [[B(Bx-)" (V] mu(0)) B(Bx-)"t], I** < o0

4. supgeeo 7}1_)1{.10 E..| [%vec(B(ﬁK—)_IVfbK_ mt(Q)B(ﬁK—)_l)LJFH < 00
where [Al; j denotes the i, jth element of the matrix A.

Additional Assumptions:

Assumption A.7. i) Foreveryk=1,... K,

Ko (-, Ty a1 70) = 227 Bro Vg, mu(0)

exists for every (0,v) € ©, x I'g, where § = (3, m, , Tp+ ).

ii) For every k = 1,...,K, Ky(0;7) is continuous at (¢})_,m,, m+;7") uniformly over

., g+ € 1L, x I+ for every A4° € T such that ) is a subvector of 7°.
Assumption A.8. For each k, A\ (Hy(my,, T3 7)) > € for some € > 0.

Assumption A.9. i) Iflx is empty, then \y,in(Q0(Y0)) > € for some € > 0 and every i.
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ii) If I is not empty, then each sample path of the process x(m,,.) is continuous a.s. and mini-

mized uniquely with probability 1. Denote the minimizer by ] .

i) Forevery k = 1,..., K, Ky(¢—, m,, Te+;70) exists for every (6,7) € ©, x I'g, where

0 = (@bk*vﬂ-lka 7Tk+)'

ii) Foreachk =1,..., K, K;(6; ) is continuous at (¢}, m, , mg+;7°) uniformly over m, , mp+ €

IT;, x I+ for every 7% € I such that ¢ _ is a subvector of ~°.
i) A (Hg(m1,,, 7} );70) > € for some € > 0.

iv) Let G(m, ;7o) be a zero mean Gaussian process with covariance kernel (7., 7;,.; 7). Then

Anin (71,0, s Y0)) > € for some € > 0.

v) Define the process

X(my) = _%(KK(WIKQ'YO)bZK + g(WzKWo))/[HK(WIKWO)]_1</CK(7T1K;70)51K + g(ﬂ'ZK;'YO))

Each sample path of the process x(m;,.) is minimized uniquely with probability 1.

Lemma B.2.1 (Consistency for Strong Identification Groups). Suppose Assumptions A.1-A.6 hold.

Then under v, — 7o,

sup [[¢(m7) = Gall =+ 0

7'1'1+€HIL

sup_||B(xy) = Ball % 0

wfer
sup ||, (1)) = iyl 0
WTEHT
Proof of Lemma B.2.1. First, observe that a ULLN holds for Q,,(6), since sup, |Q,(8)—Q(8)| 2 0
by B.3.1. Next, denote the true sequence v, — vy and Q(0) = Q(¢, m, |7]") for fixed 7.

By assumption, Q(f) is uniquely minimized by (v, 7], )’ for any fixed 7. Observe that since
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Bi,.0 = 0 forevery k > 1, Q(vby, m, o|77") does not depend upon 7. Finally, we appeal to Lemma

3.1 in Andrews and Cheng (2012a) for the extension to uniform consistency. U

Lemma B.2.2 (Consistency for Semi-Strong Identification Groups). Suppose Assumptions A.1-A.9

hold. Then under ~,, — o, fork=2,... K — 1,
(a) the concentrated sample criterion function satisfies

Bl |72 (@61 7) = Qul¥h- )

p 1

- —5(%,07 0&,# Yk (1, , Taet; 70) [Hi (1, , Tt 70)) ™ Ck (5 et 5 70) (w0 Ofiﬁ ),

(B.1)

where wi o = limy, o0 B1, n/||B1..n|| is the angle parameter

(b) the estimator of m, ,, satisfies

sup ||7, (me+) — 7y 0] R

T+ GHk+
(c) the estimator of V- = (BEW C&.), Ty, ) satisfies
B (mi+) = Brm
B (T+) = Biom
||5lk,n||_1 Bk+(ﬂk+) 5 0,
\B*(Br-n) (Fr— (Ta) = Tx )
uniformly over i+ € Ilj+ where B*(fy- ,,) = alz'ag{(ldﬂ1 N6ull, - Lin, B1._, 1)}

Proof of Lemma B.2.2. The proof follows by an inductive argument.
1. Observe (b) and (c) hold for £ = 1 by Lemma B.2.1.

r £k — 1. We will show it holds for k.
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a) 1) We will first use a second order expansion of Qn(d}ki(mk,, T+ ), T, T+ ) around
Qn(¥y- ). This will imply the LHS is minimized by 7, (m+), since Qn (¥} )
does not depend upon 7, or my+.

i) We will then appeal to ULLNs developed in the appendix to show convergence of
the components of the expansion.

b) 1) Proof of part (b) follows from a simple observation and the argmax continuity theo-
rem. Observe that the left hand side of (a) is minimized by 7, (7+)

i1) The right hand side of (a) can be shown to be minimized at m;, = 7, o by a matrix

Cauchy-Schwarz inequality.
iii) Finally, invoke the argmax continuity theorem to arrive at the result.

c) Part (c) follows from two mean value expansions of the first order condition and score

function paired with the refined rate derived in part (a).

Step 2 utilizes the following expansions of the criterion function and its derivative about the
point of sequential identification failure.
A second order mean value expansion of the criterion function about the point of sequential

identification failure yields for some z@kin between T/A)kf (71, T+ ) and @/}2, ">

~

Qn (Y1~ (ﬂlkv Tht ), Tl T+) — Qn (wg—,n) (B.2)
= vibkf @n (¢2_,n7 Ty, Wk*)/(@z}k* (Wlkv Wk*) - djl?ﬂn)

1 - = R
+ 5(%*(7%, Tpt) — @Dg—,n)lvik, Qn (Vi s Ty, Tt ) (V= (T, Tt ) — - )

Consider the first order condition from the optimization problem, and use the MVT to see that

for some Izkf’n between @/A)kf (71, T+ ) and @/Jg, .

0=V, Qu(thi-(my,, T ), Ty, Tt )

= Vzp,, Qn(%‘i—,n, Ty, Tt ) + Vik, Qn(@zk:m 7le777k+)(72}k*(77lk7 Tpt) — @DS-,n)
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which implies

~

U~ (M, Tt ) = Y-, = = [V, _ Qn (Vs s T, T )]~ Vg Qua(Wf- s T Tt ) (B.3)

Finally, expansion about the point of sequential identification failure in expansion (ii) induces

a bias, so we use the following mean value expansion to account for this bias.

Voo Q- 0 T Tt )
=E,, [V, Qu(p p my, Tt )]
+ Vi, Qu(U- s Tis Tt ) — By [V, Qu(W3- s iy, Tt )|
= Ep [V, Qu(y- T, mr)]

’yk:f,n
a E V 0 / /o \/
+m %[ wk_Qn(t/)k—,n,mk,wH)}(@M,ﬁlﬁ)

+ v¢k— Q@n (¢2_,n’ Ty 7Tk+) - E’Yn [Vd)k— @n (¢2_,n7 Ty Wk*)]

= /Ck,n(?ﬁg—m, Tl T+ Yn) - (5{,”“ Bt ) + Gr (m,,, Tt ) B.4)

where Ky (V- s Ty s Tt s ) = WE% [V, Qn(}- ., T, T+ )] for some 7, between
Yo and 0, and Gy (m,, i) = VYV Qu(-,m,, ) — By, [V, Qn(w,?_,n,mk,wm)]-
Note that EVIS—,n [V%— Qn(@bg—,n, T, Te+)] = 0 by definition (see Lemmas 9.1, 9.2 in Andrews
and Cheng (2012b)).

Observe that by differentiability of (),,, the definition of the estimator 1&1@— (m,,, T+ ), the MVT,

and combining the above three expansions B.2, B.3, and B.4 we have

Qn (77;16— (7le ) 7Tk+)7 T s 7Tk+) - Qn (1[]2*,72)
= —Vwk_Qn(%gf,n;7le,7Tk+)/[Vz2pk_ Qn(&k—,m7le>7Tk+)]7lvwk_Qn(¢27,n;7le77Tk+)
1 ~ ~
+ 5V Qu(Wi- s T it ) [V, - Qua(Wb= s 1y )] T V5, QW s Ty, ot )

X [V?/;k, Qn (Qﬁkf,na Tl s 7Tk‘+)]_1v’l/)k7 Qn (¢2—7na Tl 7rk+) (BS)
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for some z/?,(,n and zﬁkin, both between ﬁkf (m,,, mg+) and ), and where

Vi, Qn(Wp- s s Tt ) = Ko (T Tt 3 90) (B, s Bt ) 4 G (1,5 i)

]Ck,n (7le7 T+ ;)'/n) = ]Ck,n (¢2_,n7 Ty s Tkt ;)'/n)

0
= ————F [V Qup- T,
O For) Vo Ol o)
1 < %)
- Z —E’Yn [Vd)kf my (¢2—,n’ Tl s ﬂ—k*)]

E t=1 a(/Bl/k,n’/gl/g+)

gk,n (Trlk7 7Tk+) = Vwk_ Q@n (@blg*,nv Tl 7Tk+) - E% [v’ll)k— Qn(wl(c)*,'m Tl ﬂ-k“‘)}

1 n
= Z {V%— mt(¢2,7n, T, Tt )
t=1

- FE,, [V¢k_ my (¢2—,n> T, 7Tk+)] }

and
- 1 <& -
Vi, Qu(Vr- s Ty, Tht) = - Zvik_mt(%—,mﬂlk,ﬂw)
=1

Hence, we need to establish ULLNs for [Cy. ,, (71, , T+ Yn)s Gkn (T, , g+ ), and
prk_ Qn(v,zkf,n, m,,, Tg+ ), Which are established in the supporting lemmas section. In particular
recall that ¢, = (8, (", 7, )', - = (m,,...,m, ), and that m;, for k > 1 does not affect ()
in the limit, resulting in a hessian V?ﬁkf @, that approaches singularity as n — oco. It is necessary
then to normalize the columns of the hessian corresponding m;, for k& > 1. Define B(f;-) =

diag{(ldﬂ—l—dgv 1d7rll ||511||7 SRR 1d7rlk71 ||6lk—1||)l}
Lemmas B.3.2, B.3.3, and B.3.4 show that foreach k =1,..., K — 1

sup (| B(Bk-n) "' Vi, Qn(Wr s T, Tt ) B(Bi ) " — Hi(muy, mier5730) || 2 0

Ty T+

sup ||B(Br-n) o (1, Tt s V) — Kk (70, Tt s v0) || = 0

Tl T+

sup [/ Bl B(Br- ) ™ Gron (T, e || 5 0
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Recall that wy g = limy, 00 By, /|| B1y.n]| for & < K, and B, , = o(||By, x||) for every j > k.
Normalize B.5 by ||3;, .|| 2, multiplying by Ly, = B(Bk- n) ' B(Bk- ), and utilize the results

from Lemmas B.3.2, B.3.3, and B.3.4 in equation B.5 to establish the result B.1:

18l (@61 7o) — Qu(¥- )
p 1

— —§(w2,0a%H)’Ck(%»7Tk+;%)'[Hk(7%7T1c+;70)]_1’Ck(7TzkaWkﬂ%)(wfq,m%ﬁ)'v

Notice that the notation differs from that used in Cheng (2015). In particular, for the
specific additive nonlinear model studied in Cheng (2015), there is some Q(mk,l,mk’ghw)
such that Hy(m,, me+;%) = Q(mk, m, |mk+) and l@k(mk,mﬁ;%) = Q(mk, T0,,.0| Tkt ),
where Kk(ﬂlk, Trt; %) = a%éE% [Vwkf mt(¢2,7n, T, 7Tk+)} , so that our /Cy(m,,mp+;%) =
I@k(mk,ﬂm;%)Sk where Sy is a selection matrix that selects the columns corresponding to
(81,05 B+ o)+ Our results generalize those in Cheng (2015) to a broader class of models.

For part (b), observe that the left hand side of (a) B.1 is minimized by 7, (74+). That the
right hand side of (a) B.1 is minimized at 7, = m;, o can be shown by a matrix Cauchy-Schwarz
inequality (Tripathi, 1999). To establish the result, one must then invoke the argmax continuous
mapping theorem (van der Vaart and Wellner, 1996).

Finally, for part (c), consider the expansions B.3 and B.4 which are related to the first order
condition. Given the result in part (b), the expansion about B& = 0, rather than the true value f3;, ,,

is not necessary, so replace ﬁ& = 0 by the true value f3;, ,, in the expansion B.3 to yield

~

¢k‘ (Trlka 7Tk+) - wl(c),n - = [vfbk_ Qn (&k‘,na Tl Wk+)]_1vwkf Qn (1/}2,117 T Trk"")

where 4 = (8- ., B, > B+ € Ty ,)'- This additionally alters B.4 to

Vq/;k, Qn (¢2,n7 T 7Tk+> = E%L [v%cf QN<¢2,W Tl Wk*)]
+ vwk, Qn (¢2,n7 Tl ﬂ-k*) - E’Yn [V%( @n (¢2,n’ Tl Wk*)}

= Eygm [quk, @n (¢2,n7 Ty » 7Tk+)}
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0
_Y 5
86164' n "

+ vzﬁk_ Qn (wlg,m Tl 7Tk+) - E'Yn [vwk_ Qn(wl(c),yw Tl s 7Tk+):|

+ [vdlk_ Qn(d}g,n; Ty s Wk*)]ﬂk*,n

= }Ck,n (¢2,n7 Tl s Thet s &n)ﬁkﬂn + gk+,n(7rlk7 7Tk+)

Recall that B(B- ) Krn(VR s T, Tit; ) has a non-zero, finite limit, but that 5, =
o(||B, nl]) for every j > k. Substitute the previous equation and normalize by ||5,, ||~ B(0k- )

to see that

18117 BB ) (- (1 i) = 00, (B.6)
= _[B(ﬁk—,n)_lvq?pk_ Qn (V- s T, Tt ) B(Bi- ) ]!

X 1B |7 B(Be-m) ™" (Kk,n(w,‘if,n, Ty Tkt 5 V) Brt o + Gt (72, 7Tk+))~

Paired with the result from part (b), recall that the first quantity on the right hand side has a non-
zero limit uniformly in probability, but the second quantity converges uniformly in probability to

zero. This establishes the result in part (c).

O
Theorem B.2.3. Let Assumptions A.1 - A.9 hold. Under ~y,, — o,
a) If lx # 0, where l indexes the weakly identified subvector of m, then
i)
n(QfL(’/le) - Qn(wg{,nv ﬂ-lk)) = X(ﬂ-lK) (B7)
ii)
n'?B(Bg-n) (V- — Vk-1) 4, (7)) — St biy BS)

7TlK 7Tl*K
on matrix that selects the columns corresponding to 3, .
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b) if lx = 0, then no parameters are weakly identified, so Sy -, = (3, and

n'B(B,)(0 — 0.) % N (0, 5 (o, w0))

Proof of B.2.3. Steps:

1

7

. Normalize the altered for £ = K B.4 by n'/? and show ULLN + weak convergence.
Use Lemma B.3.3 for k = K.

. Use the FOC expansion together with the two previous steps to get the weak convergence

result in (i).

Use the criterion expansion from Lemma B.2.2, normalize by n and apply ULLN and weak

convergence result

. Recognize that 7x minimizes the left hand side and 7}, minimizes the right hand side by

definition. Apply the argmax CMT to obtain 7, 4 Tk

Recognize that 1 - (7x) = ¥x-, add and subtract w?{_,n in n'/2B(Bk- ) @K— — Yk-n)s

and apply the CMT to arrive at the joint convergence result in (ii).

. Proof of part (b) is standard.

We utilize the same expansions conducted in the proof of Lemma B.2.2, and we reference these

expansions without explicitly rederiving them in this proof for conciseness. Consider the first order

condition and expansion in B.3 and B.4 for the case k¥ = K and recall that K+ = (), as group K is

the last group.

~

with

Y- (T ) — w?«,n = —[prK_ Qn(@K—,n,sz)]flva_ Qn(z/}?(jnﬂrl;(> (B.9)
V’LIJK_ Qn(¢g{—7n7 7TlK) — K:K,n(l/J?(*yny ﬂ-lK;i/n> ’ BZK,n + gK,n(ﬂ-lK)- (BlO)
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Substitute these into B.2 for £ = K to arrive at equation B.5 for k£ = K, rewritten here:

~

Qn(wK* (WIK); 7TZK) - Qn(%b?(—,n)
= Vi Qn(@k 0 71 ) V3, Qn(Vic s 1)) Vi Qu(Wfe 1)
+ %V¢K— Qn(zb?(*,na 7"-IK)/[V?pK_ Qn(qu—,na TrlK)]_lviK_ Qn(qu—,ru 7TZK)

X [V, Qn(r s )] Vi Qu(W s i) (B.11)

for some ¢, and ¢, both between ¢ (m, ) and Vo -

Recall that 3;,. ,n'/? — b;,., and Lemmas B.3.2, B.3.3, and B.3.5 imply

sup ||B(6K_,n)_lvq2pk,_ Qn(T;K—,nﬂTlK)B(BK—,n)_l — Hy(m,57) || 0

7T'lK

sup ||B(BK_,n)_IICK,n(7TlK; ’?n) - ’CK(WIK; /70)” -0

7rlK

VB (B ) ' Grn(mi) = G v0)-

Normalize equation B.11, and apply the above results to arrive at B.7:

n(Q’fL(ﬂ-lK) - Qn(d}?(,m’m[()) = X(ﬂ-lk)

where

-1

X(T,) = —% (’CK(mK; Y0)bixe + G (T 70))/ [HK(mK; 70)]

X <’CK(7TZK; VO)blK + g(TrlK; '70))'

This establishes (a.i). To establish part (a.ii), observe that Qn(¢?{,m m,,) does not depend upon
m, by assumption, so the left hand side of B.7 is minimized by 7;, by definition. Further, by
assumption, the right hand side is minimized by 7; . Apply the argmax CMT (van der Vaart and

Wellner, 1996) to see that 7;, 4 M, -
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The joint result B.8 follows by normalizing the first order condition in B.9-B.10 by n'/2B (- )

and application of the Lemmas B.3.2, B.3.3, and B.3.5 together with the CMT and the result that

n1/2B(ﬁK*,n) (@ZA)K* - ¢?{—7n) = nl/zB(ﬁK*,n) (ILK* - wK*,n)
+ nl/QB(BK*,n) (@DK*,n - ¢?{—,n)

= n'2B(Br- ) (- = x-n) + St
This gives

n2B(Bg- ) (V- — Yi- ) . 7(m},) = Sicbie

o *
7TlK 7TZK

(B.12)

-1
where (7, ) = [HK(mK; 70)] (ICK(mK; Yo)bi,e + g(mK;%)>, as desired.
Proof of part (b) is similar to that of (a) with simplifications including use of Lemma B.3.6 in

place of B.3.5, and so it is omitted. 0
Theorem B.2.4. Let the assumptions of Theorem B.2.3 hold. Under ~y,, — 7o,

a) Ifli # 0, where li indexes the weakly identified subvector of , then

b - — -n (7 — Sl bl
n'2B(8,) (- =wn) | (i)~ St (B.13)
Pl = T 7w (7 = i)
where S, is the selection matrix that selects the columns corresponding to [3; .
b) ifly, = 0, then no parameters are weakly identified, so Br- ,, = [3, and
A d -
nl/QB(Bn)(Q —0,) = Hxk_1(70) lge(%) (B.14)

where Gy(70) ~ N (0,2(70)), and xo(70) = —5G0(70) Hx—1(70) ' Go(0)-

Proof of Theorem B.2.4. The result follows directly from Theorem B.2.3 by the CMT, since
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nl/Qﬁ’lK,n(mK) = T, (7(3),,c) by part a of Theorem B.2.3. O

B.3 Appendix: Supporting Lemmas and Proofs for the Estimator Limit Theory

Lemma B.3.1. We have that sup, |Q,,(0) — Q(0)| 2> 0 under the assumptions
i) © is compact
it) m(0) is continuously differentiable

Eny (Gme(0)]] < o0

IiI) SUPg«cg=
iv) for some § > 0, SUPgs o Fqp|mq (07)]*70 < 0o

v) Forevery 0 € ©, my(0) is strongly mixing with mixing coefficient o, such that

> a2/@H) o,

Proof of B.3.1. The result will follow from Davidson’s (1994) Theorem 21.9 or Newey’s (1991)
Theorem 2.1 if we show that |Q,(f) — Q(6)| 2 0 for every # € © and that Q,, is stochastically
equicontinuous.
Observe that m,(#) is strongly mixing and uniformly L,,s; bounded for some § > 0, so
1Q.(0) — Q(0)| & 0 by Corollary 19.6 in Davidson (1994).
Let 0,0’ € int(©) and use differentiability of Q,,(#) = £ > | m,(#) and the MVT to see that
k n
@) -0l =Y 5 o

i=1 t=1

< B, -||0 — ¢ a.s.

my(6%) - (6; — 0)) a.s.

where B,, = supgp-ce- || (% S %mt(ﬁ*)> ||. By assumption, B,, = O,(1), so @), is stochasti-

cally equicontinuous by Davidson’s (1994) Theorem 21.10. U

Nest, we establish ULLNS for KCy. ,, (77, , Tx+3 Yn)s Gk (71, , Tt ), and prk_ Qn(@zkim Tl T+ )

and a weak convergence result for Gy ,, (7, , g+ ).
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Lemma B.3.2. Define ©,, = {6 € © : ||| < n} and Ty = {(af’, ', 7', ¢') - (B'.{, 7', ¢') €
L, |18l < n, and a € [0,1]} for some n > 0, and recall that v is the parameter vector
consisting of the concentrated out parameters evaluated at the point of sequential identification

failure 58’)@ = 0 and ﬁ?i)’,ﬁ = 0. Let the following assumptions hold:

i) For every k = 1,..., K, Ky(¢Yy-,m,, m+;Y0) exists for every (0,v) € O, x L'y, where

9 - (77Z)k_ ) ﬂ-lka 7Tk+>'

ii) Foreachk =1,..., K, K(0;~) is continuous at ({;_, m, , mp+;7°) uniformly over m, , mj+ €
IT;, x -+ for every v° € T such that ¢\ is a subvector of 7".
iii) Yn — 0
Then SUPr;, mp+ HB(ﬁk—,n)_lKk,n(ﬂ'lka Tt ) — Kl s 70)|| - 0 where

K (105 T3 Fn) = K (0 s Ty T An) and Ky, (- 0, T, i 70) = K, Toer s %0)-

Recall that 7,02,7” — Y- o by definition. Note also that the assumptions are similar to Assump-
tion 84 in Andrews and Cheng (2013), which is related to Assumption C5 of Andrews and Cheng
(2012a).

Lemma B.3.3. Foreachk =1,..., K, define

Hi(m,, me+;7%) = lim E%[B(Bkin)’lvlik_mt(z/)kio,mk,Ww)B(ﬁkin)*l]. Then under the
n—oo

following assumptions, we have that sup, ||B(6k—,n)_1prr Qn(lﬁk—,n,mk,7rk+)B(ﬁk—,n)_1 —

Hy(m,,, T+ %) || 5 0foreachk=1,... K.
i) © is compact

ii) zﬁk—jn — Y- o uniformly on 1I;, x 11+ for each k

iii) my(0) is three times continuously differentiable.

iv) Define 6_ such that 0 = (8'_, 7} ). Then supgp.cq- || E, (%U@C(V%_WM@*))) || < oo
v) for every i, j and some § > 0, supg.co- E.,|V2 m; ;. (07)]*7° < oo
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vi) Forevery 6 € ©, V3 m,(0) is strongly mixing with mixing coefficient o, such that
Yo o < oo
By operating component wise on the matrix prk_ my(6), the proof follows exactly as in B.3.1

with the added step that involves appealing to Theorem 21.6 in Davidson (1994).

Lemma B.3.4. Under the conditions of Lemma B.3.5 and for k = 1,..., K — 1, we have

sup |11 B1.all ™ B(Bi- )™ Grn (i, i )| 5 0

T T+

Proof. Lemma B.3.5 implies that \/nB (8- )Gy, (m,,, 71+ ) is Op(1) uniformly over IT;, x ITj-.

The result follows, since 3, = o(n'/?) forevery k = 1,..., K — 1,sothat 8, /v/n = o(1). [

Lemma B.3.5. Recall that fork=1,..., K — 1

Gron (T Mt ) = Vo Qu(W iy, Tt ) — By [V, Qu(Up- 0 T )|

1 n
=~ Z {V%— mt(i/)g—,n, T, Tt ) — By, [Vwk_ mt(@bg_’n, s 7Tk+):| }

t=1
and for k = K, the grouping k™ = (), so

n

1
gK,n(TrlK) = E Z {Vi/JK—mt(d}?(—,n? WZK) - E’Yn [VT/JK— mt(¢?(—,n? Wlk)} }

t=1

Let G(m,.;Y0) be a zero mean Gaussian process with covariance kernel Q) (m,., 7, 7%0). Under

Yo — Yo and the assumptions

i) {W,} is strongly mixing with mixing coefficient a(j) such that 3777 a(7)%/C+) < oo for

some 6 > 0.

ii) my is measurable with respect to o(W;).

iii) © is compact

differentiable
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V) Supgee Hm Ey||B(Bk- ) 'V, mi(0)]]*T° < 00
vi) supgee lim E,BBr- )"V, my(0) B(Br-n) ]P0 < o0
we have \/nB(Br- 1) 'Grn(miy) = G 70)-

Proof. In order to establish the result, we must show finite dimensional convergence and stochastic
equicontinuity (Andrews, 1994; Pollard, 1990). Stochastic equicontinuity follows from an appli-
cation of the MVT and the moment bounds in (v) as elaborated by Davidson’s (1994) Theorem
21.10. Finite dimensional convergence follows from appealing to an a-mixing CLT (Ibragimov,

1962) to establish convergence of a linear combination

(\/EB(BK*,N)_ngJL(WlK,l)v ceey ﬁB(ﬁK*,n)_ng,n(ﬂlK,J))?

and then applying the Cramér-Wold theorem.

Note that under the same conditions, we have that

VB (B 1) Gron (1, et ) = Gy, Tet's 70)
fork=1,..., K —1, as well; where Gy (m,,., m;+; 7o) is a Gaussian process with covariance kernel
Qe (T, Tt s Ty s Thet'3 70) - -

Lemma B.3.6. Recall that when [ is empty, 1— = 0, so

1 n 1 n
— B(Bx-n)"'Vy,_ mi(0) = —=Y B(B,) "' Vem:(0).
Define Gy(70) to be a Gaussian random variable with covariance matrix ;) 9(7o)-

Under vy, — 7o and the assumptions

i) {W,} is strongly mixing with mixing coefficient (j) such that Z;’il a(4)"%) < oo for

some 0 > (.

it) my is measurable with respect to o(W;).
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iii) © is compact

iv) my(0) is continuously differentiable

v) lim E%]\B(ﬁK—,n)_lva_mt(ﬁn)HH‘S < 00
n—oo

n —_ d
we have \/Lﬁ S B(8a) ' Vemy(0) = Ga(0)-
Observe that the assumptions are weaker than those imposed in B.3.5 as stochastic equiconti-
nuity need not be established. The proof follows from application of an a-mixing CLT (Ibragimov,

1962).

B.4 Appendix: Proofs for the Parsimonious Estimator Limit Theory

First, we discuss the limit theory for the individual parsimonious estimators. The results in this
first subsection follow directly from results derived in Appendix B.2. After detailing this limiting
distribution, we prove in the following subsection the results for the joint limit theory described in
the paper.
B.4.1 Appendix: Pointwise Parsimonious Estimator Limit Theory

Assumption 23. i) Iflx is empty, then A\yin (S 0(70)) > € for some € > 0 and every 1.

ii) If Ik is not empty, then for every i, each sample path of the process X i\(7 ()1, ) Is continuous

a.s. and minimized uniquely with probability 1. Denote the minimizer by 7TE:-) !

o
Theorem B.4.1. Let Assumptions 1-7 and 18 hold. Under ~y,, — 7o,
a) If lx # 0, where ly; indexes the weakly identified subvector of 7(;, then
n(Qfyn (1) — Quiyn (V) s> Tit)) = Xo) (it 10) (B.15)
n'2B(Bi).x- n Ai - — WY@,k (i) (75 — Sic b
(Beay. =) (o), 5- = Yoy, 5-m) a ) (Tl 1) — St D e (B.16)
ﬁ-(i)le ﬂ-z;:),l[(

where S, is the selection matrix that selects the columns corresponding to ;.
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b) if lx =0, then no parameters are weakly identified, so B k- » = B@)n and

X d
n(Quiyn(0@)) — Qiyn(Biyn)) = X@).0(10) (B.17)
nl/QB(ﬁ(i),n)(é(i) —06)n) 4 Hiy k-1(70) " Giiye(0) (B.18)

where Gy o(70) ~ N(0,Q.0(70)), and x@)0(70) = —%g(z’),e(%)/H(i),K—1(’Yo)_lg(i),e(%)-

The proof of Theorem B.4.1 follows directly from Theorem B.2.3.

Theorem B.4.1 details the pointwise in 7 asymptotic distribution of the parsimonious estimators.
However, the max test combines estimators across parsimonious models, so it is necessary that we
analyze the joint limiting distribution of the parsimonious estimators. Theorem 3.4.3 provides this
joint asymptotic distribution.

A test directly based on the normalization described by Theorem B.4.1 will not always be
consistent when including weakly identified parameters. This is demonstrated in Lemma B.6.1
in the Appendix. The following theorem provides a more convenient normalization; however,
one should still note that use of this theorem does not provide consistency against all departures
from the null hypothesis. This is an ongoing issue with testing weakly identified parameters, and
current research focuses on correcting the size distortions that result from ignoring the effect of

weak identification.
Corollary B.4.2. Let Assumptions 1-7 and 18 hold. Under ~,, — ",

a) Iflx # 0, where l; indexes the weakly identified subvector of 7(;, then

o 1= = s T@) (T ) — Sticbind
nl/zB(/B(l)’n) (w( ),K 77Z)( ),K—, ) i> ()( ()71K> 100,15

T(i)le — Sﬂ'(i),lK Mg ,n HT(Z')ﬁK (Wiki),lK)H (Wa‘),l;{ - Sﬂ'(i),lKﬂ-len)
(B.19)

where Sy, is the selection matrix that selects the columns corresponding to [3;),, and Sﬂ(i) e

selects the elements of the vector 7, ,, corresponding to T ;. n-
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b) if l;, = 0, then no parameters are weakly identified, so ;) k- n = B(i)n and
A d _
n'2B(Bayn) 0w — 0iyn) = Heyx—1(7) " Geayo(10) (B.20)

where Gy o(70) ~ N(0,Q.0(70)), and x@)0(70) = —%Q(i),e(’yo)/H(i),Kq(’Yo)_lg(i),e(%)-

The proof of Corollary B.4.2 follows directly from Theorem B.2.4.

At first, it seems that the centering term for the weakly identified parameters 7(;) ;. ,, instead of

S

w1y Tlion- However, this term is arbitrary, since 7(;), is not a consistent estimator. Later, we

will see that it is convenient to center the weakly identified parameters around the null hypothesized
values.

B.4.2 Appendix: Proofs for the Joint Parsimonious Estimator Limit Theory

Proof of Theorem 3.4.3. The proof of Theorem 3.4.3 follows from an argument nearly identical
to that in Theorem B.4.1 and B.4.2 where Lemma B.4.3 is used in place of Lemma B.3.5 and

Assumption 9 is used in place of Assumption 8. [

Lemma B.4.3. Let [(;) x denote the index set [k for parsimonious model i, and recall m(i),t(Q(i)) =

mt([e] (i)) and

i) when l;) i is not empty,

g(i)vK:n (ﬂ-(i)le) = E Z {Vw(i”(— m(i)vt (w(ol'),Kfmﬂ ﬂ-(i)le)
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Define

Gy ren(Tayie) il #0
Giyn(Tiiy) =

Giyon ifloy e = 0.

Let G (W(i),l «:Y0) be a zero mean Gaussian process with covariance kernel

Q) (M) 1> Ti) s Y0) and Gy o(0) be a Gaussian random variable with covariance matrix

Qy.0(70)-

Let v,, — o and the assumptions hold:

i) {Wi} is strongly mixing with mixing coefficient o(j) such that ) 77| a(7)%®+H) < o for

some 6 > Q.
ii) my is measurable with respect to c{ W}, the sigma field generated by {W,}.
iii) © is compact
iv) my(0) is twice continuously differentiable
) suppeg lim B, [[B(3i) T mi(@)]P* < oc
Vi) SuPgee nh_>n010 E%||B(ﬂK—,n)_1V§,K7 mi(0) B(Bk- )7 *° < oo

Then
{\/ﬁB(ﬁ(i»K—,n)_lG(n,n(W(i),zK) P1<i< ff} = {éu)(?f(i),m;%) pl<is k’}

a zero mean Gaussian process with covariance kernel ; ;) (), s TGy x Yo) and where

. Gy (M@ v0)  layx #0
G(i) (W(i),lK; ’Yo) =

g(i),Q(PYO) lfl(l),]( = (Z)

Proof. Establishing the result requires showing finite dimensional convergence and stochastic

; Pollard, 1990). Stochastic equicontinuity follows from the fact
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that the set {1, ..., k:} is compact and discrete, that each of the components Gy i n (7)) are
stochastically equicontinuous as shown in Lemma B.3.5, and probability sub-additivity.
To establish finite dimensional convergence, let A = [a;];—1,_7 with each a; € R%G) and with

A’A = 1, and consider the linear combination

S

Z\/_B (1),K— n) Za;g(z),K,n( (i)l rc,m Z \/_B 6(] K- n) 1g ).0.n

m=1 j=rs+1
n r

o D)WL

tlzlml

X {Vw(,-),x— m(i)vt (w%),K* no ,/T(i)le:m)

By [V e M)W k- s T dcm)] }

Z Z a5 B(B) k)~ Vo, m) 4 (0i)n)

t 1 j=rs+1

where without loss of generality, the indices have been ordered so that all ¢ with weakly identi-
fied parameters come first. Use the assumptions above an invoke an a-mixing CLT (Ibragimov,
1962) to establish that this converges to a zero mean Normal random variable with variance that
depends upon A and the vector [W(i” ) ni::ll;: s A Cramér-Wold device then establishes the finite
dimensional convergence result. [

B.5 Appendix: Proofs for the Max Test

Proof of Theorem 3.5.1. Together, W, ; EiN W, and Theorem 3.4.3 imply that under H, and v,, —

70,
N aa Wik — WiS(iy 3@ 2 0
foreach i = 1,...,k where k < 7111301015 and where NV, = Séi%/\(diag(nl/Q By (Biiy, k=)
1:%(-)1 ) and S(;) » is the selection matrix that selects the element corresponding to A;;). Now
)l K
apply Lemma 4.2 in Hill and Dennis (2018) to arrive at the result. [
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Proof of Lemma 3.5.2. Here we show that the bootstrapped estimator converges weakly in prob-
ability to a random variable with the same distribution as given in the limit of Theorem 3.4.3.
Intuitively, this follows because, conditional on the sample, C;é’,f) (7‘(’(2')71[() converges to a Gaus-
sian process with the same distribution as G (7). 70), resulting in %(bs (T(3),1c5 Y0, b) and
f(l(’f) (7)1 5 Y0, b) converging to the respective Gaussian and Chi-square processes. Invoking the

%,bs x

argmax continuity theorem then gives that 7", (70, b) converges to 7

Zj 157% (@)l (’YO, b) Joint conver-

gence occurs by the same arguments used in the proof of 3.4.3.

We only prove the claim under the case [ # () for which weakly identified parameters are
present. The proof for the claim when there are no weakly identified parameters is similar but sim-
pler, as several of the steps needed when [ # () are not necessary. This is due to the inconsistency
of 7,, for my under the case (i # () and the required bootstrap step for calculating the bootstrapped

7*, and the joint convergence of 7,, with the other variables.

Recall that
5bs 1 . 70
Go) (T ) = = Zt{m(z‘),t(%-),;«,n(ﬂ @l ) T(0) dxc)

t=1

1 — .
o E Z m(i)’t(¢?i)7K_7n (W(l)le)’ W(Z)le) } .
t=1
for N(0,1) 2. First, we prove
(G (m) : m €T} =P {Gyy(m570) : 7 € 1T} (B.21)

where G(;)(m; o) is the mean zero Gaussian process, with covariance kernel Q;(, 7; ), the
weak limit of G;) ,(-) when some parameters are weakly identified. Together with uniform con-
vergence in probability of H(,»),n(?[fo,n, ) to H(m;70) and K(i),n(z/;n, 5 9n) to K ;) (1o, ;5 7o), this
step will imply {T((ib)s)(ﬁ; Y0,b) : ™ € I} =P {74)(m;b,70) : ™ € II}. Then the argmax continuity

theorem (cf van der Vaart and Wellner (1996), Lemma 3.2.1 and Andrews and Cheng (2012b),
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Theorem 9.10.) will yield
* d *
Ty bs) (705 0) = 7 (70, B). (B.22)

Joint convergence over ¢ follows from a Cramér-Wold device.

Operate conditionally on the sample W,, = {X,,Y}, Z;}},. First, we prove B.21. We must
prove convergence in finite dimensional distributions and establish stochastic equicontinuity (see
Giné and Zinn (1990), Andrews (1994), or Pollard (1990)).

We prove convergence in finite dimensional distributions with an argument in Hansen (1996).

By construction of z, G (7) is normally distributed with mean zero and covariance kernel

B(G 6l @)

3

1 1 —
= [(mz%,t(wo,n,w) — =3 mf) (Won)
t=1 t=1
Y ~ 1 ¢ ¥ -\
X (m(i),t(wo,n7 ﬂ-) - E Z m(i)Vt(wO,"rw 71—))
t=1
== Q(i) (’/T, 7~T)

where Q(i) (7, 7) is defined implicitly. Let W be the set of samples such that

5(bs 5(bs) 1 ~ ~
sup [[B(G0 (G0 (7Y IWn) = Qo (m 720l 5 0.
m,wellxIl

Then sup, zcmxm Q) (7, 7) — Q(m, 75 70)|| 2> 0 follows from stationary mixing and the moment
bounds in Assumptions 1 and 5 establishing that P(WW,, € W) = 1. Thus Qéf)s) (m) converges in fi-
nite dimensional distributions to a zero mean Gaussian process with covariance kernel Q(7, 7; o).
Since Gaussian processes are characterized by their first two moments, the finite dimensional dis-
tributions of _C’;((f)s) (m) and G;) () converge to the same limit.

Next, we show stochastic equicontinuity. Since the set {1, .. ., k} is compact and discrete, and

accounting for this set with ¢ involves only invoking probability sub-additivity, we ignore subscript
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1 for clarity (see Lemma D.3). Stochastic equicontinuity follows from the same argument used in

Lemma C.5. Let r € R¥™¥x-) be such that /7 = 1. The mean value theorem yields

. 0 o .
v (i Goms m) = mf (o, 7)) < sup [lr'5-mi (o, 7| < [|7 = ]

mell om

Next, use the construction of z; and the fact that 2, is independent of the data and Chebychev’s

inequality, and observe the following:

Pn(n) = P( sup

w,well:||7—m||<d

Bl (2w (G m = i 7)) )

eIl 7—n|| <6

—Z( (mt Yo, T) — mf(%,nﬁ))f

2
n 7r7T€H H7r nl|<s M

52> () = s 7)) | > 0,
t=1

11 , )
= ?E ;ﬂﬁensluﬁp—ﬂ|<6 <T (mf(%’n’ ™) = miﬁ(%’"’ﬁ)))
5—21 Zsup (Hr L (%m )H)
52
_ ?On

Now observe that

Zsup (I e o, D) | =

—1 7ell rell

, 0 o \?
sup (IIr'5-my (o, 7)) ]

=0(1)

by Assumption 5. Hence stationarity and ergodicity imply that C,, 2 C' for a finite non-negative
constant C. Take § > 0 such that 0 < § < (en?/C)"/? to see that for every (g,7) > 0, there is a
9 > 0 such that lim,, .., P,(n) < e with probability approaching one with respect to the sample
W,

Next, we prove B.22. Recall that Supw(weﬂ(i) "H(i),n(iﬁ(i)@,n,ﬂ'(i)) — H(i)(ﬂ(i)Q’YO)H ﬁ) 0
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and sup, e ||K(Z-),n(12(i)7n, Ty n) — Koy (W0, @) 70)|| 25 0 for every pair of sequences

Un — o and 7n — 7. This paired with B.21 implies {T((ib)‘f;(w(i);%,b) cey € gy b =P

{t&)(m6y;b,%) + mu) € Il ;. The argmax continuity theorem (cf van der Vaart and Well-

ner (1996), Lemma 3.2.1 and Andrews and Cheng (2012b), Theorem 9.10.) then yields
* d * : bs * *

Ty bs) (Y0, 0) = 7(;) (70, b). Joint convergence of (T((i)yi(ﬂ(i)v(bs) (70:0);70,8)", T3y 5y (Y0, b)) TOI-

lows since both objects are functions of the same underlying objects that we have shown to con-

verge. Finally, joint convergence over ¢ follows from arguments mentioned above.

]

Proof of Theorem 3.5.4. The proof of Theorem 3.5.4 proceeds in the same fashion as the proof of
Theorem 3.5.1. We first note that Lemma 3.5.2 implies converge in probability of the difference
between the relevant distribution functions, and then we invoke Lemma 4.2 in Hill and Dennis

(2018) to arrive at the result. L]

B.6 Appendix: Additional Proofs

A test based on the normalization described in Theorem B.4.1 will be inconsistent when in-
cluding elements from 7;,.. The reason is that the standardization described for ¢ - is \/nB (- )
while that for 7 is the constant 1. The following lemma shows that this standardization will result

in an inconsistent test. For this reason, we detail the correct standardization in Theorem B.4.2.

Lemma B.6.1. A test on a subvector of 0 that includes elements from 7, is not consistent when

the standardization is based on Theorem B.4.1.

Proof. Theorem B.4.1 implies that the appropriate standardization for 1@ K~ 18 /nB(Bk-) and that

for 77, is 1. Hence the max test statistic over a vector A = (3%, ¢*, 7*)

~

7;1 = max ’M,nm,nj\z‘

1<i<kn

< max |Vafh+ max |Vay|+ max |VaB(Bx- )it g-| + max [ig ]|
1<i<hs 1<i<he,n 1<i<hnn 1<i<hn,n

~

Under the null hypothesis Hy : A\jo = 0Vj, 7, = O,(1). However, under any alternative with

Y0 = 0Vjand 7o # 0 for some j Theorem B.4.1 implies that 7(;) ;. ; LN Ty = Op(1)
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for every 7. Hence under such an alternative, ’72 = 0,(1) /4 o0, so the test is not consistent against

these alternatives. O

Proof of Theorem 3.4.5. Recall that if [ is empty, then ¢x- = 0 and ;) x- = 0y, for every
i. Then Assumption 10 implies that E. (m,(Vx-,7x; W;)) is minimized uniquely by ¢x- =
VY- € Vi forevery mg € Ik, and Assumption 4 implies that E. (m (1), k-, Ty, x5 We)) is
minimized uniquely by ¥ k- = Y@ k-0 € \IIZ‘Z.)’ - forevery ;) i € Il(;) k for every i. Further,

the construction of the criterion function implies that

Vi M@ (06) = Vi, - ma(0]m)

for every i, where [0] ;) is the restricted full parameter with A; = 0 for every j # i. By assumption
5, the expectations exist and are finite. Hence if \g = 0g4,, then Ao = 0 for every 4, and

conversely, if A;) 0 = 0, then A\g = 0y, l
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